
1 Digital Systems small exercise 1

Submission date: 16/3/2006.

All questions have an equal weight.

1.1 Question 1

Convert

1. (1729)10 → ()8

2. (8EA2)16 → ()10

3. (12.31)10 → ()2

4. (B.AB)13 → ()10

1.2 Question 2

Calculate the 2 complements of:

1. (28A)16

2. (82)9

1.3 Question 3

For binary numbers with 4 bits. Determine when there is an overflow and when the calculation

can be carrying legally. Use the 2 complement. (The numbers are in base 10).

1. 3+7

2. 2-3

3. 4-7

4. -1-2

5. -5-7
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1.4 Question 4

Calculate (use the 2 complement where necessary). Show the details of your calculation.

1. (B.AB)16 + (A.BF )16

2. (28A)16 − (82)16

3. (28C.43)16 − (17.12)15

1.5 Question 5

The 9 complement is defined as follows:

Let x = x1x2...xm be a number in base 10. The 9 complement of the number is (9−x1)(9−

x2)...(9− xm). That is, the digit in the i-th place is obtained by replacing it with 9-digit. For

example the 9-complement of the number 23 is 76.

Set the codes for digits 0..9 with weights 3,3,2,1 and 4,4,3,-2 such that the 9 complement of

the digit will be obtained by switching all the 1 with 0 and all the 0 with 1.
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DLOCS Ex1 – 

 
I. Question 1 

 

1. 1729/8 = 216 mod 1 

216/8 = 27 mod 0 
27/8 = 3 mod 3 
3/8 = 0 mod 3 

810 )3301()1729( =  

 
2. 8EA2 = (1000 1110 1010 0010) 2  = 

365142222222 1579101115
=++++++  

(Converting to Binary base was not necessary, could've used powers of 16 instead) 

 

3. (12.31)
10

 = (12)
10

.(31)
10

 

Integer part first:  (12)
10

= (1100)
2

. And now to the fraction part:  

We'll add fractions of the type 
n−2  as long as their sum does not exceed the required 0.31: 

0.31 = 
191413121087652 2222222222 −−−−−−−−−−

+++++++++ + ….. 

The above is accurate up to about a millionth. Theoretically we could go on forever always improving the 

accuracy (exponentially) up to any requestedε .  

And thus the fraction part approaches: (.0100111101011100001)
2

.  

And so: (12.31)
10

 = (1100.0100111101011100001)
2

 

 

4. (B.AB) 13  = ( 210 13*1113*1013*11 −−
++ )10  = (11+

169

141 ) 10  

 

 

II. Question 2 (I hope I understood this question correctly) 

 

1. 2-complement of (28A) 16  using 12-bits: 

Conversion to binary using groups of 4-bits (each hex digit = 4 bits),  we get: 0010 1000 1010.  

In order to find the complement we invert the digits and add 1: 1101 0111 0101 + 1 = 1101 0111 0110.  

And so, the 2-complement representation of -28A using 12-bits is 1101 0111 0110. 

Of course this could be verified using normal addition and expecting a zero (last carry ignored). 

2. 2-complement of (82) 9  using 8-bits: 

Firstly we shall convert it to binary. To make things simple, I'll use the decimal base as an intermediate 

mediator. 
1010

01

9 )74()9*29*8()82( =+= . Using the iterative algorithm as in 1.1 we get 

210 )01001010()74( = . As above, we shall invert the digits and add 1 in order to find the representation of 

(-82)
9

 using 2's complement and 8-bits: =+=+ 222 )1()10110101(1)01001010(not (10110110)
2

 

 

III. Question 3 

 
* Using 2's complement and 4-bits we may represent all integers between -8 and 7 (2^4 altogether). 

 

1. 3+7 > 7 and thus overflow. Alternatively: 0011+0111 = 1010 which is negative. 
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2. 2-3 = -1 and is within the legal range. Alternatively: 0010+1101=1111 which is the correct representation of -1 

(dec) using 2's complement. 

3. 4-7 = -3 and is within the legal range: 0100+1101=1101 which represents -3 using 2's complement. 

4. -1-2 = -3 and is within the legal range: 1111+1110=11101 (last carry ignored) = 1101 = -3 as above. 

5. -5-7 < -8 and thus overflow: 1101+1001=10110 (last carry ignored) = 0110 = (6) 10 ?! Error… 

 

IV. Question 4 

 
1. (B.AB) + (A.BF) in hex. After conversion to binary we get: 

  1011.10101011 + 

  1010.10111111 = 

10110.01101010 

Back to hexadecimal we get:  16.6A 

 

2. (28A) – (82) in hex. We'll convert to 12-bit binary and use 2's complement: 

(28A) 16 = (001010001010) 2  

(82) 16   = (000010000010) 2  

(-82) 16  = (111101111110) 2  

 Binary addition of (28A) and (-82): 

  001010001010 + 

  111101111110 = 

  001000001000 (last carry ignored) 

Back to hexadecimal we get: (208) 16  

 

3. (28C.43)
16

 - (17.12)
15

. We'll use 20-bits to represent these numbers (12 for integer part, 8 for fraction part). 

The hexadecimal number in binary is simply (using groups of 4-bits) 001010001100.01000011 

The quindecimal number converted to decimal is: ....075555.23~225/496715*215*115*715*1 2101
=+++

−− , 

Now converting the integer part to binary we get 10111, and converting the fraction part to binary (as in 1.3) 

we get: .000100110101011110011… and overall: 000000010111.00010011 (up to 2^8 precision) when 

represented in 20-bits. Using 2's complement we get: 111111101000.11101101.  

 

Performing addition: 

0010 1000 1100 . 0100 0011 +                                                                                       (28C.43)
16

 

1111 1110 1000 . 1110 1101 = (we have a carry from the fraction part)                       - (17.12)
15

 

0010 0111 0110 . 0011 0000 = (276.30)
16

                                                    (last carry ignored) 

 

 



 3

V. Question 5 

 

Digit Weight A (3,3,2,1) Weight B (4,4,3,-2) 

0 0000 0000 

1 0001 0011 

2 0010 1001 

3 1000 0010 

4 1001 1000 

5 0110 0111 

6 0111 1101 

7 1101 0110 

8 1110 1100 

9 1111 1111 

 

 
Explanation: Suppose you wish to find the 9-complement of 7 using Weight A and according to the guidelines. 

Look at the table in the matching position;  1101 is the code. Its easy to see that according to the weights 1101 = 7 

(1*3 + 1*3 + 0*2 + 1*1). Now, perform NOT on all digits and you get: 0010, which according to weight A is 2  

(0*3 + 0*3 + 1*2 + 0*1) and indeed (9-7) = 2 as the 9-complement suggests. 

 

One interesting thing to notice is that in fact the upper part of the table is a mirror image of its lower part with all digits 

reversed (with respect to the matching weight). This does not have to be so, however, since some digits could have 

more than a single representation using these weights (since 4 bits would allow up to 16 unique codes, but in this 

example only 10 are being used and there are also weight similarities between the bits in both cases). 

 

 

 

 



1 Digital Systems small exercise 2

Submission date: 26/3/2006.

1.1 Question 1 (10%)

Which of the following 6 basic rules

1. Existance of identity (neutral element).

2. Associative

3. Commutative

4. Closure

5. Distributive

6. Existance of a complement that is, if I is the identity of operator *, the if X*Y = I then

Y is X complement.

does not apply for the operands:

+ 0 1 2

0 0 0 0

1 0 1 1

2 0 1 2

· 0 1 2

0 0 1 2

1 1 1 2

2 2 2 2

1.2 Question 2 (20%)

Prove the following equalities using the boolean axioms only:

1. x · (x + y) = x

2. x + (x′y) = x + y
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3. X ′ + Y ′ = X ⊕ Y + X ′Y ′

Where ⊕ is the xor operator:

A B ⊕

0 0 0

0 1 1

1 0 1

1 1 0

4. Find a similar expression for X ′ + Y ′ + Z ′

1.3 Question 3 (20%)

Let F1

x y z F1

0 0 0 0

0 0 1 1

0 1 0 1

0 1 1 0

1 0 0 1

1 0 1 0

1 1 0 0

1 1 1 1

1. Express F1 as a canonical products and canonical sums.

2. Express the function as a sum of products with the minimal number of terms possible.

3. Express the function as a products of sums with the minimal number of products possible.

1.4 Question 4 - (50%)

Implement the following funcions using NAND (and followed by not) alone. Assume that you

can use the literal, its complement (its negation), and the values 0,1. Nand(a,b,c) has the

following formula (a*b*c)’.
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1. BD + BCD + AB’C’D’ + A’B’CD’ Use up to 6 gates with 3 entries each

2. (AB + A’B’)(CD’ + C’D) Use gates with 2 entries each.
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Tpd(OR)�� � � �

Tpd(NOT) 0.5 
Tcd(AND) 0.2� �

Tcd(OR) 0.1� �
Tcd(NOT) 0.05� �

Tp,C-Q(FF)� ��
$� �
Tc,C-Q(FF) 0.1� �

Thold(FF) 0.02 
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�	������
�a..d���
��������������
���������������������Operation Name []Destination,Operand1,[Operand2]��

�	���[Operand2]�������������������
��


��
����������

����� ��� 

Regname = 5+7 a[]regname,5,7[] 
Regname= regname+6 a[]regname,6[] 

regname = 7-6 s[]regname,7,6[] 
regname=regname-6 s[]regname,6[] 
�	��� e 
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�� 20h�!�"#��������������$%��&���regname�������
���������a..d�����

���������
����	���	
��������������������������
���������������
��'��$#�����������$#(����
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����������TerminalInput�
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������	����������
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1. Read next character into Input 
2. Select on I 

a. I = 0 : Operation � Decode_Operation(Input) 
b. ….. 
c. ….. 

3. …. 
�	���Decode_Operaion �������������� �����	���&�����
����	����	��ASCII ���������	��'	������

��
"� �����������	���������
��������
������������
������	�������	�����
���	����������������������

���	���ASCII������	����
���	��
����� ? ����������
�����
������������������& 
+� �	���������������	�����
����
��������
�
�����
�� �������
�	������
���	���$���������
����
�	�������� 

��
0. Set NextChar = 1  , Input Load = 1 Now Terminalline holds the next character, 

nc 
1. Set NextChar = 0  , Input Load = 0 Now TerminalLine=0., Input hold nc.  
2. When I=0 : Load of register [Operation] = 1  
3. When I=0 : Operation = Decode_Operation(Input)  
4. When I=0 : Load of register [Operation] = 0  

����
�	��������+���������������	���
������������������������
��
,� �
�	����������������
�	�����
�����	�����
%� ������
�����	�����

��
����ASCII����	
��
������	��
��
������

����Ascii �������$%& 
���� �
61h� �a 
62h� �b� �

63h� �c 
64h� �d 
65h E 
73h s� �
30h� �# 
31h� �$� �

32h� �"� �

33h� �+� �

34h� ��� �

35h� �,� �

36h� �%� �

37h� �-� �

38h� �)� �



39h� �.� �

20h ���	� �
��
��
 



Solution to Exercise 8



The algorithm
1. I == 0 : Op Decode_Op(TerminalInput)

I == 1 : Dest Decode_Dest(TerminalInput)
I == 2 : Dig1 Decode_Digit(TerminalInput)
I == 3 : Dig2 Decode_Digit(TerminalInput)

2. If Op == ‘e’ E 0
3. Tmp TerminalInput, I = I+1
4. (I == 3) && Tmp == 20h (space):

1. Reg[Dest] Op(Reg[Dest],Dig1)
2. I = 0
(I==4):

1. Reg[Dest] Op(Dig1,Dig2)
2. I = 0



The algorithm
1. I == 0 : Op Decode_Op(TerminalInput)

I == 1 : Dest Decode_Dest(TerminalInput)
I == 2 : Dig1 Decode_Digit(TerminalInput)
I == 3 : Dig2 Decode_Digit(TerminalInput)

2. If Op == ‘e’ E 0
3. Tmp TerminalInput, I = I+1
4. (I == 3) && Tmp == 20h (space):

1. Reg[Dest] Op(Reg[Dest],Dig1)
2. I = 0
(I==4):

1. Reg[Dest] Op(Dig1,Dig2)
2. I = 0

Execute if
Condition



The algorithm
1. I == 0 : Op Decode_Op(TerminalInput)

I == 1 : Dest Decode_Dest(TerminalInput)
I == 2 : Dig1 Decode_Digit(TerminalInput)
I == 3 : Dig2 Decode_Digit(TerminalInput)

2. If Op == ‘e’ E 0
3. Tmp TerminalInput, I = I+1
4. (I == 3) && Tmp == 20h (space):

1. Reg[Dest] Op(Reg[Dest],Dig1)
2. I = 0
(I==4):

1. Reg[Dest] Op(Dig1,Dig2)
2. I = 0

Put result
in the reg
Written in dest



Register sizes:

Op – 2 bit
Dest – 2 bit
Dig1 – 8 bits
Dig2 – 8 bits
a to d – 8 bits
Tmp – 8 bits
E = 1



TerminalInputNextChar
I

OpDest Dig1Dig2

a

b

c

d

Tmp

Decode 
2

Dest_Decode Op_Decode
ofh

M
U

X 
1

Decode 
1

MUX

++

MUX 2 MUX 3

1

+1

+ 1

3

+ 1

4

+

20h

1

ROM

The Control of 
the Circuit

Counter 
0 -3

+ 1

3

0 0 11

0 1

E

Note that the clock
Is coonected to all the 
sequential components Cond1

Cond2



Control of the circuit

NextChar
Decode1Enable
Decode2Enable
Mux2
Mux3
Iwrite
Tmpwrite



The control of the circuit

E Ste
p

Cond
1

Cond
2

nxtchar decode1
enable

decode2
enable

MUX2 MUX3 Iwrite

1

1 1 0 0 0 0 0 0 0 0 0

1

1

0

1

0

2 0 0 1 0 0 0 0 1 1

3 1 0 0 0 1 1 0 0 0

3 0 1 0 0 1 0 1 0 0

001

tmpwrite

0 0 0 1 0

Input Output



Op_Decode

Input Output

01100001
(61h = a)

01110011
(73h = s)

01

01100101
(65h = e)

11

00



Dest_Decode

Input Output

01100001
(61h = a)

01110010
(62h = b)

01

01100011
(63h = c)

10

01100100
(64h = d)

11

00
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a� Set $1 = MyNumnber 
b� Print The number on the terminal. � �

��
$� ���
�	�����	�
-30000 ���30000���
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Comments  Meaning Micro instruction  

Arithmetic / logic operations 
 Set register $3 with $2 + $1 $3 = $2 + $1 
 Set register $3 with $2 - $1 $3 = $2 - $1 
Use the tkgate division Set register $3 with b such that 

$1*a + b = $2 (b < a) 
$3 = mod($2,$1) 

Use the tkgate division Set register $3 with a such that 
$1*a + b = $2 (b < a) 

$3 = $2/$1  

Use tkgate multiplier Set register $3 with $2 * $1 $3 = $2 * $1 
 Set register $3 with And($2,$1) $3 = AND($2,$1) 
 Set register $3 with not ($1) $3 = NOT ($1) 
 Set register $3 with Or($2,$1) $3 = OR($2,$1) 
For example (in hexadecimal) 
if $1 = 0f0bh then  
$3 = 000fh. Implement using 

Set register $3 with upper 8 bits 
of $1 

$3 = H($1) 



the shift in the ALU 
 Set register $3 with lower 8 bits 

of $1 
$3 = L($1) 

 Shift left $1 in $2 bits (the 
lower 8 bits) 

lShift $1,$2 

 Shift right $1 in $2 bits (the 
lower 8 bits) 

rShift $1,$2 

 $1 = 1 if $2< $3 $1=0 otherwise Set-on-less $1,$2,$3 
 Put the VAL in register $1 $1 = VAL 

Memory Access operations 
 Load into $1 the value in 

Addr+$2 
Load $1,Addr($2) 

 Store in $1 the value in 
Addr+$2 

Store $1,Addr($2) 

 Push $1 to the stack Push $1 
 Push the current value of PC to 

the stack. (note that the current 
value of PC already points to 
the next instruction).  

Push PC 

 Pop the stack into register $1.  Pop  $1 
I/O operations 

See the section on tty in order 
to see how to implement it 

Read a character from the 
terminal into the lower 8 bits of 
register $1 

Read $1 

See the section on tty in order 
to see how to implement it 

Print the character in the lower 
8 bits of $1  

Print $1 

Program control 
 Jump to address Addr J Addr 
 Jump to address $1 Return $1 
 Jump to Addr if $1 is different 

than $2 
Jne  $1,$2,Addr 

 Jump to Addr if $1 equals $2 Je $1,$2,Addr 
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CAR� �Instruction 
00010 Arithmetic operation 
00011 Load 
00100  
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Value 

(16bits) 
Operand 3 

(3 bits)� �
Operand 2  

(3 bits)� �
Operand 1 

(3bits)� �
Empty 
(1bit)� �

Instruction 
(4 bits) 

Type  
(2 bits) 

Instruction 

0001h� �1� �0� �0� �0� �0� �0� �0� �0� �0� �0� �1� �1� �1� �1� �0� �0� �$1 = 0001h� �
0001 1 0 c 3  
00a0h 0 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 $2 = 00a0h 
00a0 2 0 c 3  

00000h 1 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 $5 = $2+$1 
0000h 5 5 0 0  
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 � $1 = 0f0fh 
$� $2 = 10��
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• Digital logic and computer design , Mano��� �
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o Chapter 10 Control logic design 
o Chapter 11 Computer design  
o Chapter 12 – microcomputer system design 

• Computer organization and design, chapter 5 patterson and hennessy�� 
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