The Hebrew University of Jerusalem  School of Computer Science and Engineering

Computational Geometry  Course 67842
Final Exam  Moed A
Date: Thursday, March 1st, 2007
Teacher: Prof. Leo Joskowicz
Duration: 3 hours

•

Please be brief, clear, and technically precise in your answers. Use drawings to illustrate
your arguments and pseudo-code to describe algorithms.

•

In solving the problems presented, you may assume the general position assumption,
unless it is specically stated otherwise.

•

You can assume you have subroutines for any algorithm that was given in class unless it
is specically stated otherwise.

Good luck

!

Choose THREE out of the following FOUR questions. You get one point just for showing up
so the total is 100.

Question 1 - Largest enclosing circle:
Let

S

be a set of

n

points in the plane. Dene the

that has all the points of

S

S

S

as the largest circle

lie on its boundary.

on the boundary of

vertices of the convex hull of
1. (10%) Prove that

largest enclosing circle

in its interior or on its boundary and, as the points are in general

position, exactly three points of
Let the points of

(33%)

C

be

si , sj , sk ∈ S .

It is clear that

si , sj , sk

must be

S.

si , sj , sk

are

neighbors

in the convex hull of

S.

C is the largest circle incident to three consecutive vertices of the
S then all the points of S\{si , sj , sk } must lie in C . Hint: Thales's Theorem.

2. (13%) Prove that if
convex hull of

3. (10%) Give an

O(nlogn)

algorithm to calculate the largest enclosing circle. Show that

your algorithm achieves this run time.

Question 2 - Convex Hull merging:
You are given two arbitrary convex polygons

P

(33%)
and

Q with n and m vertices respectively.

The

polygons can be disjoint, one inside the other or the boundaries might intersect a number of
times.
1. (10%) What are the smallest

/ largest number of vertices on the boundary of CH(P ∪ Q).

Give an exact expression not an asymptotic bound.

1

2. (13%) Give an

O(n + m)

CH(P ∪ Q).

algorithm to compute

Prove its correctness and

analyze its complexity.
3. (10%) Assume that your answer to part 2 of this question is correct and use it to give
a divide and conquer algorithm for computing the convex hull of a set of

O(nlogn)

n

points in

running time.

Question 3 - External Guarding:

(33%)

In class we saw how to guard the interior of an art gallery. Now we shall try to guard a building
(or army base) against intruders that is we will look at the area on the out side.
More formally:
Given a polygon

P

in the plane

other, or have a line of sight
Ω\P

Ω

(i.e. does not properly intersect

both in

P

and in

Ω\P

and two points

P 's

and

u, v

u

and

boundary). The boundary of

so, two neighboring vertices of

We say that a guard placed at a point

v.

v

are said to

if the straight line connecting them is entirely in

v

P

P

P

see each

or entirely in

is considered to be

can see each other.

guards all the points that have a line of sight with

A point is said to be guarded if it has a line of sight to at least one guard.
A set of guards is said to guard the union of the points guarded by the guards in the set.

And an area is said to be guarded if every point in the area is guarded by at least one guard
from a given set of guards.

P

y

z

w

x

v

u

In this gure u, v, x and y can see w. x and y can see each other (so can v and u)
none of them can see z .

Figure 1:

v
v

P

P

u

(b)
(c)
In this gure (b) it is illustrated that u and v are external guards.
In (c) v does not guard the entire interior or the entire exterior.
Let

G1

be a set of

k

guards placed at

k

vertices of a simple polygon

1. (10%) Prove or disprove. If the exterior of
necessarily guarded by the same set (G1 )?
2

P

(i.e.

Ω\P )

P.

is guarded by

G1

the interior is

H. Put dierently let R and H be
H is entirely in R. Assume that the vertices of R and H
are given in CCW order {r1 , r2 ...rn } and {h1 , h2 ...hm } so that r1 is the right most vertex
of R and h1 is the right most vertex of H.
Give an O(n + m) algorithm for triangulating R\H.

2. (13%) Let

R

be a convex polygon with a convex hole

two convex polygons so that

3. (10%) Give a polynomial time algorithm that places the minimal number of guards (feasible by a polynomial algorithm) at vertices of

P.

Hint: Before you answer this you might want to clarify for yourself (not as a question to
answer for the exam but as guidance) the next question: What is the smallest number of
guards a sub-exponential algorithm will nd (in the worst case) to guard the exterior of
a simple polygon. Give an exact expression not an asymptotic bound. Answer this with
respect to the next two cases, if you have the time, think give a generic example for each
case:
(a)
(b)

If some guards can be placed at points exterior to P and some at vertices of P .
If all guards are placed at vertices of P .

Question 4: Nested convex hulls
P be
conv(X).
Let

a set of points in the plane. Let

(33%)

H(X)

be the set of points on the convex hull of X,

We dene the series of nested point sets

Pi

as follows:

• P0 = P
• Pi+1 = Pi − H(Pi )
In words: the set of points of
of

Pi

minus all the points of the boundary of the convex hull

Pi .

The sets
has level

H(Pi ) are called the layers of P . Point x ∈ P has level i if x ∈ H(Pi ); edge (x, y)
i if it belongs to conv(Pi ). Assume that the points are in general position (no three

points lie on a line).

1. (10%) What is the maximum number of layers of a set of
2. (10%) Design an

O(n2 logn)
O(n2 )

planar points?

algorithm to compute the nested convex hull layers

assign depth levels to all points in
3. (13%) Design an

n

P

and to all edges in

conv(Pi )

algorithm to compute the same as above.

3

H(Pi ),
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Please be brief, clear, and technically precise in your answers. Use drawings to illustrate your
arguments and pseudo-code to describe algorithms.
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Question 1: general knowledge (35%)
Choose five out of eight of the following questions. Answer TRUE or FALSE and provide a
counterexample or a short, one-paragraph justiﬁcation. Clearly mark which ﬁve questions you
want to be graded on. The right answer with the wrong explanation will be given only half the
credit (no credits for wrong answers). Unless stated otherwise, assume general position and no
degeneracies. If you need to make additional assumptions, write them down clearly.
1. In the art gallery problem, if a guard is placed at every convex vertex of a simple polygon
P , this set of guards sees all the reﬂex vertices of P (vertices with internal angle > 180◦ ).
FALSE - counter examples exists (from homework given by Mitchell, stony brook)
2. For every integer n > 0 and every axis-aligned rectangle R of ﬁxed width and height there
exist n planar points such that the kd-tree built for these points always has a logarithmic
query time when the range is over R placed somewhere in the plane.
TRUE - construct a grid so that the spacings are more than the rectangle dimensions, so
that the query goes through a single branch of the tree
3. Determining whether the convex hull of a set of n points is a triangle requires Ω(n log n)
time.
FALSE - do three iterations of the gift wrapping algorithm and stop if original vertex not
reached again: O(n)
4. Let P be a simple polygon with an even number of vertices. It is always possible to
decompose P by diagonals into quadrilaterals (polygons with four edges). TRUE - every
two adjacent triangles in a triangulations can be merged (there are n-2 triangles)
5. Let P be a convex polygon with n vertices and let Q be a simple polygon with m vertices.
Then the outer boundary of the Minkowski sum P ⊕ Q can be computed in O((m +
m) log(n + m)) time (the outer boundary is the the one that does not bound a hole).
FALSE - there are O(nm) vertices in the sum, even without holes
1

6. Two polygons which are monotone with respect to the same line L can always be separated
by a single translation.
TRUE - proof in Toussaint’s papers
7. In the construction of the point location search structure, there always exists a sequence
of insertions that causes the structure to have depth linear in the number of segments.
TRUE - you can construct such a sequence by sorting the segments according to right
endpoints, and each insertion increases the depth by at least 1
8. Let S be a planar point set. If there exists a disc with two points pi , pj ∈ S on its boundary
and a third point on its interior, then pi pj is not an edge of the Delaunay triangulation.
FALSE - the lemma for Delaunay is that if there exists a disc with pi and pj on its
boundary and none other are inside, then there is an edge

Question 2: Minimum width annulus (30%)
An annulus is the region between two concentric circles. Given a set S of n points, the minimum
width annulus problem is ﬁnding the annulus that contains all the points of S in its closure,
and has the minmum width, that is the minimum diﬀerence between the outer and inner radii
of the circles.
1. Let w(p) be the smallest width annulus of S whose center is in p. Describe and prove
the connection between p that achives the global minimum of w(p) and the Nearest and
Furthest point Voronoi diagrams.
the center is either a vertex of the nearest VD or a vertex of the furthest VD, or the
intersection of an edge of the diagrams
2. Based on your observations in the previous section, design an O(n2 ) time algorithm for
solving the minimum width annulus problem.
compute overlay of diagrams, check for each vertex of overlay the width, which is the
distance to the furthest site minus the distance to the closes site. Find minimum over all
vertices.

Question 3: minimum area enclosing rectangle (35%)
Let S be a set of n points in the plane. We are interested in ﬁnding a rectangle, not necessarily
axis aligned, that contains all the points of S and has the minimum area.
1. Prove that the minimum area enclosing rectangle of S has one side which is incident on
at least two points of S.
2. Design an algorithm that computes the minimum area enclosing rectangle of S and analyze
its complexity.
2

use the rotating calipers approach, using two calipers at once. This is from the
rotating calipers page:
1. Compute all four extreme points for the polygon, and call them xminP,
xmaxP, yminP ymaxP. 2. Construct four lines of support for P through all
four points. These determine two sets of ”calipers”. 3. If one (or more) lines
coincide with an edge, then compute the area of the rectangle determined by
the four lines, and keep as minimum. Otherwise, consider the current minimum
area to be inﬁnite. 4. Rotate the lines clockwise until one of them coincides
with an edge of its polygon. 5. Compute the area of the new rectangle, and
compare it to the current minimum area. Update the minimum if necessary,
keeping track of the rectangle determining the minimum. 6. Repeat steps 4 and
5, until the lines have been rotated an angle greater than 90 degrees. Output
the minimum area enclosing rectangle.
3. How would you modify your algorithm for the case where S is a simple polygon? What
would be its complexity then?
compute the convex hull of S with a linear time algorithm. overall complexity is linear

3
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Question 1: general knowledge (35%)
Choose five out of eight of the following questions. Answer TRUE or FALSE and provide a
counterexample or a short, one-paragraph justification. Clearly mark which five questions you
want to be graded on. The right answer with the wrong explanation will be given only half the
credit (no credits for wrong answers). Unless stated otherwise, assume general position and no
degeneracies. If you need to make additional assumptions, write them down clearly.
1. In the art gallery problem, if a guard is placed at the midpoint of every edge of a simple
polygon P , this set of guards sees all of P .
2. Every point set S admits a construction of a star shaped polygon such that all the points
are vertices of the polygon.
3. Let P be a convex polygon with an even number n > 4 of vertices. It is always possible to
decompose P by diagonals into convex quadrilaterals (convex polygons with four edges).
4. The convex hull of all the intersection points of a set of n line segments contains Θ(n 2 )
points in the worst case.
5. An extreme diagonal of a simple polygon P is a diagonal whose endpoints are both vertices of CH(P ). Every non-convex simple polygon can be triangulated by non-extreme
diagonals.
6. For every integer n > 0 there exist n planar points for which the storage in a range tree
is linear in size.
7. Two polygons which are monotone with respect to the same line L can always be separated
by a single translation.
8. In Fortune’s algorithm for the Voronoi diagram, the parabola defined by some site contributes at most six arcs to the beachline.

1

Question 2: Path planning with clearance (30%)
Let S be a set of n points in the plane, and let p be an additional point not in S. Let R be a
bounding rectangle that contains both S and p such that the minimal distance from an edge
of R to a point in S is at least dmin . We are interested in finding a path from p to the outer
side of the rectangle R such that at all points on the path, the minimal distance to a point in
S is at least dmin (see illustration below). We say that this path has a clearance of dmin from
the set of obstacles S.
1. Describe an algorithm (in pseudocode) that inputs the set of obstacle points S, the
bounding rectangle R, the source point p, and the minimum clearance distance dmin , and
computes the path as describes above. The output should be the description of the path
(a curve from p to the outside), or a reply that no such path exists. Analyze the time
and space complexity of your algorithm.
2. Briefly describe how to extend your algorithm to solve the problem where S is a set of
convex polygonal obstacles. You may use known data structures and algorithms as black
boxes.
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Question 3: Minimum area enclosing rectangle (35%)
Let S be a set of n points in the plane with no three collinear points. We are interested in
finding a rectangle R, not necessarily axis aligned, that contains all the points of S and has the
minimum area.
1. Prove that the minimum area enclosing rectangle of S has one side which is incident on
at least two points of S.
2. Describe an algorithm (data structures and pseudocode) that inputs the set of points S
and computes the minimum area enclosing rectangle R. Analyze the algorithm’s space
and time complexity.
3. How would you modify your algorithm for the case where S is a simple polygon? What
would be its complexity then?
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