
























3 oeilbl oexzt - zexazqdd zxez

.P ly zeiaihic` - σ -a ynzype Fn = En −
⋃n−1

i=1 Ei :n > 1 -le ,F1 = E1 xicbp divwecpi`a .` .1

'` sirq it lr okl P (Ec
i ) = 0 f` ,i lkl P (Ei) = 1 m` .a

P
( ∞⋂

i=1

Ei

)
= 1− P

( ∞⋃

i=1

Ec
i

) ≥ 1−
∞∑

i=1

P (Ec
i ) = 1− 0

.b
P (

⋃
· En) =

∑
P (En) ≤ P (Ω) = 1

.P (En) → 0 ik wiqp ,xehd zeqpkzdn okl

.dcig`d zexazqdd `id zexazqdd ,mitlw 52 ly miixyt`d mixeciqd lk zeidl Ω z` xgap .2
dkln `ed 14 -d slwdy zexazqdd if` . 1

52! `id mitlw 52 ly dxcq lkl zexazqdde |Ω| = 52!

ly dpey`xd drteddy zexazqdde .(
4
1)51!

52! = 4
52 deey dfe dkln oey`xd slwdy zexazqdl deey

.48·47·...·36·4
52·..·39 = (48

1 )(47
1 )..(36

1 )(4
1)(

38
1 )..(1

1)
52! `id 14 -d slwa `id dkln

.dgilq ,icn dyw dl`y dziid ef .3

A ⊂ Ω lkl 0 ≤ P (A) ≤ 1 mixwnd z` `xewl xi`yp .zexazqdd ly zepekzd yely z` wecal yi .4
:mixf zerxe`n zxcq {Ak} :zeiaihic`-σ -d z` gikep .P (Ω) = 1 -e

P (∪· ∞k=1Ak) =
∞∑

n=1

αnPn(∪· ∞k=1Ak) =
∞∑

n=1

αn

∞∑

k=1

Pn(Ak) =
∞∑

k=1

∞∑

n=1

αnPn(Ak) =
∞∑

k=1

P (Ak)

.
∑∞

n=1 αn
∑∞

k=1 Pn(Ak) ≤
∑∞

n=1 αn = 1 ik dnikqd xcq z` silgdl did ozip

dprh m` ik xexa .n lkl ,xn > ε -y jk {xn} dxcq zniiwe ε > 0 miiw :hrna dwfg dprh d`xp .5
dpi` dprhd ik dlilya gipp ,okae .

∑∞
n=1 xn = ∞ zniiwnd diipn-za dxcq ep`vn if` ,dpekp ef

.zeiteq dl` zeveaw ,dlilyd zgpd it lr .An = {x ∈ X : x > 1
n} :An ⊂ X zeveaw xicbp .dpekp

ly diipn-oa cegi`) diipn-za dpi` X -y jkl dxizqa ,∪∞n=1An = X ik oekp i`ceea ,z`f znerl
,diipn za `l zeiaihic` zpekz mr zexazqd 't dziid m`y ,o`kn .(diipn-oa `ed zeiteq zeveaw
epiid , eiykr epi`xdy dnne ,P (A) > 0-y jk A zeveaw ly diipn oa `l 'qn yiy milawn epiid

.dxizqa ,1 ≥ P (∪AN ) =
∑

P (An) = ∞ y jk An dxcq `evnl mileki

mikqp xy`k Ω = {(xA, xB, xC) : xA, xB, xC ∈ {0, 1}} :`ad zeylyd sqe` epd mbcnd agxn .` .6
|Ω| = 6·12·7 .'eke '` `qtewn xeckd ly ravd `ed xA -e ,oal xeckl 1 ,mec` xeckl mi`zn 0 -y
= RA , "oal '` `qtewn xeckd" = WA ,"mipal mixeck ipy weica epxga" = E :zerxe`n xicbp.

f` .WC , RC ,WB, RB dnec ote`ae ,"mec` '` `qtewn xeckd"



-e E = (WA ∩WB ∩RC) ∪ (WA ∩RB ∩WC) ∪ (RA ∩WB ∩WC)
:okl .mixf micegi` dl`e WA ∩ E = (WA ∩WB ∩RC) ∪ (WA ∩RB ∩WC)

P (WA|E) =
P (WA ∩ E)

P (E)
=

2
6

8
12

3
7 + 2

6
4
12

4
7

2
6

8
12

3
7 + 2

6
4
12

4
7 + 4

6
8
12

4
7

=
5
13
' 0.38

,diaewd zwixf ly d`vezd i + j xy`k (i, j, x) beqdn miieqip likdl jixv mbcnd agxn zrk .a
eilr mbcn agxn aezkl xyt` .dkezn xgapy xeckd ly ravd x-e , `qtewd z` zraewd
lkl yi :`ad ote`a ze`ivnd z` yxtp ,z`f mewna .d`vxda dyrpy enk , dcig` zexazqdd
`qtewd z` oiivn i xy`k (i, x) beqdn miieqipl qgiizpe ,xgaidl (dreci) zexazqd `qtew
= A zerxe`n xicbp .Ω = {(i, x) : x ∈ {0, 1}, i ∈ {A,B, C}} .xeckd rav z` aey x -e ,dxgapy
xgapd xeckd" = W -e "'b `qtewa epxga" = C ,"'a `qtewa epxga" = B , "'` `qtewa epxga"

:P (C|W ) z` aygl yi ."oal

P (W ) = P (W |A)P (A) + P (W |B)P (B) + P (W |C)P (C) =
2
6

15
36

+
8
12

1
6

+
4
7

15
36

P (C|W ) =
P (C ∩W )

P (W )
=

P (W |C)P (C)
P (W )

=
4
7

15
36

P (W )
=

20
41
' 0.49

.Ω = {(xA, xB, xC), xA, xC , xC ∈ {0, 1}} `ed mbcnd agxn .7
:P (WC) z` aygl yie ,mcewnk WA,WB,WC , RA, RB, RC zerxe`n xicbp

P (WC) = P (WC |WB)︸ ︷︷ ︸
5
8

P (WB) + P (WC |RB)︸ ︷︷ ︸
1
2

P (RB)

P (RB) = P (RB|WA)P (WA) + P (RB|RA)P (RA) =
4
13

2
6

+
5
13

4
6

=
14
39

P (WB) = 1− P (RB) =
25
39

:okle
P (WC) =

5
8
· 25
39

+
1
2
· 14
39

=
181
312

' 0.58

mr ,zipzen zexazqda ynzyny oexzt `iap .zipzen zexazqda yeniy `ll dl`yd z` xeztl ozip .8
.Ω = {(x1, .., xn+m) : xi ∈ {0, 1}, ∑n+m

i=1 xi = n} .ziaiqxewx d`eeyn zlaw ly daeygd dhiyd
xeck ep`ved" = W .(oal xeck oiivn 1 -e ,mixeckd lk z` m`iven m` zeixyt`d ze`vedd zxcq)
:dnlyd zexazqdd zgqep t"r if` ."oal rava mixeck wx ex`yp" = An,m ."dpey`xd d`veda oal

Pn,m = P (An−1,m|W )P (W ) + P (An,m−1|W c)P (W c) = Pn−1,m
n

n + m
+ Pn,m−1

m

n + m

.m -e n lr divwecpi`d aly z` ze`xdl jixv ik xirp wx divwecpi`l



















4 oeilbl oexzt - zexazqdd zxez

.G = {a, d} , F = {a, c} ,E = {a, b} :zerxe`ne ,eilr dcig` zexazqd mr Ω = {a, b, c, d} xicbp .` .1
lynl ik G -e F -a z"a E ,P (E) = P (F ) = P (G) = 0.5 f`

P (E ∩ (F ∪ G)) = P ({a}) = 0.25 miiwzn la` .P (E ∩ F ) = P (a) = 0.25 = P (E) · P (F )
P (E)P (F ∪G) = 0.5 · 0.75 = 0.375 eli`e

.a

P (E ∩ (F ∪G)) = P ((E ∩ F ) ∪ (E ∩G)) = P (E ∩ F ) + P (E ∩G)− P ((E ∩ F ∩G)︸ ︷︷ ︸
0

= P (E)P (F ) + P (E)P (G) = P (E)(P (F ) + P (G)) = P (E)P (F ∪G)

.b

P (G ∩ (E ∩ F )) = P (E ∩ (G ∩ F )) = P (E)P (G ∩ F ) = P (E)P (G)P (F ) = P (G)P (E ∩ F )

meyxl lkep ,dn`zda E,F zeleabd mr ,zerxe`n ly zeler zexcq {En}n≥1, {Fn}n≥1 -y oeeikn .2
myl .E∩F dleab ik d`xpe ,dler dxcq {En∩Fn}n≥1 -y ze`xl lw . F =

⋃∞
n=1 Fn ,E =

⋃∞
n=1 En

ik ze`xdl witqn jk
∞⋃

n=1

(En ∩ Fn) =
( ∞⋃

n=1

En

)
∩

( ∞⋃

n=1

Fn

)

-e x ∈ Ej ,hxta .j ∈ N edyfi` xear x ∈ Ej ∩ Fj xnelk ,x ∈ ⋃∞
n=1(En ∩ Fn) ik gipp :oey`x oeeik

.x ∈
(⋃∞

n=1 En

)
∩

( ⋃∞
n=1 Fn

)
xnelk x ∈ ⋃∞

n=1 Fn mbe x ∈ ⋃∞
n=1 En okle x ∈ Fj

idi . x ∈ Fj2 -e x ∈ Ej1 -y jk j1, j2 ∈ N miniiw f` .x ∈
(⋃∞

n=1 En

)
∩

(⋃∞
n=1 Fn

)
gipp :ipy oeeik

.yxcpk ,x ∈ ⋃∞
n=1(En ∩ Fn) xnelk x ∈ Ej0 ∩ Fj0 okl dler {En ∩ Fn} dxcqd .j0 = max(j1, j2)

zrk
P (E ∩ F ) = P (∪(En ∩ Fn)) =︸︷︷︸

(1)

P (lim(En ∩ Fn)) =

=︸︷︷︸
(2)

lim P (En ∩ Fn) =︸︷︷︸
(3)

lim P (En)P (Fn) =︸︷︷︸
(2)

P (E)P (F )

.zelz-i`n (3)-e ,P ly zetivxn (2) ,dler dxcqd (1)-a xy`k

.zeler zexcq ody Ec
n, F c

n minilynd zxcql xearp ,zecxei zexcq ly dxwna

.n ly miipey`xd miwlgnd z` p1, .., pk -a onqp .3



.eilr dcig`d zexazqdd didz zexazqdde ,Ω = {1, .., n} `ed mbcnd agxn .`

xaqdd .i = 1, .., k xear ,"(xeckd lry xtqnd) m z` wlgn pi" = Api zerxe`n epxcbd .a
,pj |m -y jk lr rcin mey epl oi` ,pi|m m`y `ed ,z"a Api zerxe`ndy jkl "iaihi`ehpi`"d

.(mixf pj ,pi -y meyn) i 6= j xear

yi ,zrk .Api ⊂ Ω , i lkl f`e ,Api = {m : ∃k ∈ N,m = kpi} :`ad ote`a zerxe`nd z` meyxp .b
,dcig` zexazqd mr xgap n -l 1 oia xtqn .pi -a miwlgznd (n -l 1 oia) mixtqn n

pi
weica

dveaw-zz ozpida .P (Api) = |Api |
n = n/pi

n = 1
pi

okl
-a wlgzn m" rxe`nd edf .Api1

∩ .. ∩ Apir
rxe`nd lr lkzqp , W = {i1, .., ir} ⊂ {1, .., k}

:o`kn .|Api1
∩ .. ∩Apir

| = n
pi1

..pir
okl ,{∃k ∈ N : m = kpi1 ..pir} xnelk ,"pi1 ..pir

P (Api1
∩ .. ∩Apir

) =
n/pi1 ..pir

n
=

1
pi1 ..pir

=
r∏

j=1

P (Apij
)

.z"a ok` Api zerxe`nd xnelk

wlgn s` el oi` m` n -l xf `ed m ≤ n xtqn .n -l mixfd n -l 1 oia yi mixtqn dnk aygl yi .c
z` `vnpe ,B =

⋂k
i=1 Ac

pi
rxe`n xicbp okl , (p1, ..pk -dn cg` s`a wlgzn epi`) n mr szeyn

:|B|
|B|
n

= P (B) = P (Ac
p1
∩ .. ∩Ac

pk
) =

k∏

i=1

(1− P (Api)) =
k∏

i=1

(1− 1
pi

)

weica yi xnelk

φ(n) = |B| = n ·
∏

ipey`x p , p|n
(1− 1

p
)

.(n -n miphwde) n -l mixfd minly mixtqn

xicbp .zglven dber lnqn 1 -e mite`d od zeize`d xy`k Ω = {(i, j) : i ∈ {a, b, c}, j ∈ {0, 1}} .4
z` aygl yi ."zgteh dberd" = Y -e ,dnec ote`a C ,B -e "xgap '` gah" = A zerxe`n

P (A ∩ Y c) = P (Y c|A)P (A) = 0.02 · 0.5 = 0.01 :P (A|Y c) = P (A∩Y c)
P (Y c)

P (Y c) = P (Y c|A)P (A) + P (Y c|B)P (B) + P (Y c|C)P (C) = 0.01 + 0.03 · 0.3 + 0.05 · 0.2 = 0.029

.P (A|Y c) = 10
29 ' 0.34 okle

jkl al miyp .dglvd 1 -e oelyik lnqn 0 xy`k Ω = {(x1, .., xn) : xi ∈ {0, 1}, i ∈ {1, .., n}} .` .5
elawzd mda miieqip n− 1 ly revial lewy `ed zeglvd r lawl zpn lr miieqip n ly reviay
elawzd" = A :zerxe`n xicbp . dglvd dlawzd ok mb i -n- d ieqipae ,zeglvd r − 1 weica

f` ."glven i- n- d ieqipd" = B -e ,"miieqip n− 1 -a zeglvd r − 1 weica
.B = {(x1, .., xn−1, 1)} -e |A| = 2 · (n−1

r−1

)
,A = {(x1, .., xn) :

∑n−1
i=1 xi = r − 1}

:P (A ∩B) z` miytgn
lke ,z"a miieqipdy oeeikn okl ,|A∩B| = (

n−1
r−1

)
,A∩B = {(x1, .., xn−1, 1) :

∑n−1
i=1 xi = r− 1}

ozip :dxrd . P (A ∩ B) =
(
n−1
r−1

)
pr(1− p)n−r lawp ,pr(1− p)n−r zexazqd ilra A ∩ B ixa`

.zevignd zhiya dl`yd z` xeztl
(
9
9

)
p10(1− p)0 +

(
10
9

)
p10(1− p)1 +

(
11
9

)
p10(1− p)2 .a

.zexazqdd dn zrcl ila oexztl zpzip `l dl`yd .6







































6 oeilb -e"qyz zexazqdd zxez

`vi oda minrtd 'qn = X :mi`ad miixwnd mipzynd z` xicbdl dvxp .minrt rax` rahn milihn .1
.Z = X − Y -e ,"apf" `vi oda minrtd 'qn = Y ,"y`x"

lynl ,xg` zexazqd agxnl zexazqd agxn xiarn l"pd n"ndn cg` lk .`
.n"nd zyely xear dl` miagxn ipy z` oiiv . X : (Ω,A, P ) → (S,F , PX)

.B ⊂ S lkl ,PX(B), PY (B), PX−Y (B) zeiebltzdd z` ayg .a

. FX z` hhxqe ayg .FX(t) = PX([0, t]) :`ad ote`a FX(t) : R→ [0, 1] dycg divwpet xicbp .b

ze`t 8 yi) ze`t 14 za zcgein diaew miinrt dlihn ixin :`ad wgynd z` miwgyn a`eie ixin .2
`vi m`e ,g"y ipy a`ein zlawn ixin ,xegy rav `vi m` .(mezk rava 2 -e ,xegy rava 4 ,oal rava
-e (Ω,A, P ) miagxnd z` x`z .ixin ly geexd z` X -a onqp .cg` g"y a`eil zpzep `id ,oal rav

.(B ⊂ S lkl PX(B) z` aygl yi) .(S,B, PX)

ilra zepextr 12 dlikn `qtew lk xy`k ,zg` lk ze`qtew 20 ly zeliag 6 yekxl oipern zepga xken .3
zeliagd 6 z` dpwi xkend .0.004 `id xida mewna ddk ceg didi oextray zexazqdd .xida ceg
.ddk ceg mr oextr dliknd zg` `qtew xzeid lkl d`vnp zei`xw` zeliag 2 ly dwica xg`l m`

?dipwd z` rvai xkendy zexazqdd dn

itl mibxecn aia`-lz zhiqxaipe`n mihpcehq dyinge zixard dhiqxaipe`dn mihpcehq dying .4
.zexazqd dze` ilra miixyt`d mibexcd 10! lk ike mipey mipeivd lk ik egipd .dpigaa mdibyid
did zixardn hpcehq m` X = 2 lynl) aia`-lzn hpcehq i"r xzeia deabd byidd z` X - a onqp
ayge (S,F , PX) ,(Ω,A, P ) miagxnd z` x`z. (ipyd mewna aia`-lzn hpcehqe oey`xd mewna

.1, 2, 3 xear PX zebltzdd z`

i"r A ly zipiite`d divwpetd z` xicbp ,A ∈ A dveaw lkl .zexazqd agxn (Ω,A, P ) idi .5

1A(x) =

{
1 x ∈ A

0 x /∈ A

. n"n `ed 1A ik e`xd (`)

.ely zebltzdd zivwpet z` eayig (a)

Y idi .dxfgd `ll , mixeck n ≤ N i`xw`a mi`iven .N cr 1-n mixtqenn mixeck yi `qtewa .6
.ely zebltzdd zivwpet z` eayig .exgapy mixeckd oian lecb ikd xtqnd



6 oeilbl oexzt - zexazqdd zxez

,1 = y`x) Ω = {(x1, .., x4) : xi ∈ {0, 1}} :`ad zexazqdd agxn lr mixcben n"nd zlyely .a ,.`.1
z` oiivp .P (B) = |B|

24 ,B ∈ A lkl xnelk ,Ω lr dcig`d zexazqdd P -e , A = 2Ω ,(0 = apf
:n"n lk ly geehd

:PX z` aygpe ,F = 2S ,S = {0, 1, 2, 3, 4} :X n"nd xear

PX({0}) = P ({ω ∈ Ω : X(ω) = 0}) = P ({(0, 0, 0, 0)}) =
1
24

PX({1}) = P ({(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)}) =
4
24

=
1
4

PX({2}) = .. =
6
24

=
3
8

PX({3}) = .. =
4
24

=
1
4

PX({4}) =
1
24

.X-l enk geeh eze` Y -l :Y n"nd xear
lkly jkl al miyp) PZ z` aygpe ,F = 2S ,S = {−4,−2, 0, 2, 4} :Z = X − Y n"nd xear

:(PX+Y (ω) = 4 :ω ∈ Ω

PZ({−4}) = PX({0}) =
1
24

, PX({−2}) = PX({1}) = 1
4

PZ({0}) = PX({2}) =
3
8
, PZ({2}) = PX({3}) = 1

4

PZ({4}) = PX({4}) =
1
24

.b

FX(t) =





PX(∅) = 0 t < 0
PX({0}) = 1

24 0 ≤ 0 ≤ t < 1
PX({0, 1}) = 5

24 1 ≤ t < 2
PX({0, 1, 2}) = 11

24 2 ≤ t < 3
PX({0, 1, 2, 3}) = 15

24 3 ≤ t < 4
PX(S) = 1 4 ≤ x

.Ω = {(i, j) : i, j ∈ {B, W,O}} xicbp okl ,mrt lka miravd meyixe miinrt diaewd zlhd `ed ieqip .2

.(libxk aeyigl zpzip P ) X : (Ω, 2Ω, P ) → (S, 2S , PX) f` . "ixin ly geexd" = X n"n xicbp



:PX zebltzdd z` aygpe ,S = {−2,−1, 0, 1, 2, 4}

PX({−2}) = P ({(W,W )}) =
( 8

14

)2

PX({−1}) = P ({(O,W ), (W,O)}) = 2
2 · 8
142

PX({0}) = P ({(O,O)}) =
( 2

14

)2

PX({1}) = P ({(B, W ), (W,B)}) = 2
4 · 8
142

PX({2}) = .. = 2
4 · 2
142

PX({4}) = .. =
( 4

14

)2

mixgea mcew :akxen ieqip mirvan ."zlwlewn" `xwiz ddk ceg lra cg` oextr zegtl mr `qtew .3
'zqd mr Ω1 = {1, .., 6}2 xicbp okl .zlwlewn `qtew zelikn od m` miwcea f`e ,6 jezn zeliag 2
mr (zeliag 2-a zelwlewnd ze`qtewd 'qn) Ω2 = {0, 1, .., 40} xicbp .P1(i, j) = 1

36 xnelk dcig`
-i` migipne ,p dglvdl zexazqd mr ilepxa ieqip reviak zyxtzn `qtew ly dwica lk .P2 'zqd

:didi eply mbcnd agxn .B(40, p) `id Ω2 lr zexazqdd ok lr .ze`qtewd lk oia zelz
zexazqdd idef :p z` aygp .P1, P2 -n diepad zexazqdd mr Ω = {((i, j), k) : (i, j) ∈ Ω1, k ∈ Ω2}
xicbp ,mixg`a z"a ilepxa ieqip lrk oextr lk lr lkzqp .ddk ceg mr xzei e` cg` oextr yi `qteway
.B(12, 0.004) zinepia P3 zexazqd mr ,(zg` `qtewa ddk ceg qr zepextrd 'qn) Ω3 = {0, 1, .., 12}
."diipwd z` rvan xkend" = A idi .p = P2{1, 2, ..., 12} = 1 − p2(0) = 1 − (1 − 0.004)12 okl

P (A) =
∑

(i,j)∈Ω1
p1(i, j)p2{1, 2, .., 40} =

(
40
0

)
p0(1− p)40 +

(
40
1

)
p1(1− p)39 ' 0.43

.milyexin mihpcehqd = {J1, .., J5} = J ,aia`-lzn mihpcehqd = {T1, .., T5} = T onqp .4

xicbp .Ω lr dcig`d zexazqdd P - ,|Ω| = 10! .Ω = {(x1, ..x10) : xi ∈ T ∪ J, i 6= j ⇒ xi 6= xj}
:`nbecl f` .S = {1, .., 6} f` ."`"zn hpcehq i"r xzeia deabd byidd" = X n"n

PX({1}) = P ({ω ∈ Ω : X(ω) = 1}) = PX({(T1, x2, .., x10)} ∪ .. ∪ {(T5, x2, ..x10)})

=
5∑

i=1

P ({(Ti, x2, .., x10)}) =
5 · 9!
10!

=
1
2

f` .B ∈ 2S idi .1A : (Ω,A, P ) → (S = {0, 1}, 2S , P1A) ik oigap .5

1−1
A (B) = {ω ∈ Ω : 1A(ω) ∈ B} =





A B = {1}
Ac B = {0}
Ω B = S

∅ B = ∅

zivwpet P1A ik xexae ,P1A({0}) = 1−P (A) ,P1A({1}) = P (A) .A -l zkiiy dl` zeveawn zg` lke
.1A ∼ Bernoulli(P (A)) :dpwqn . S lr zexazqd



.exgapy mixtqnd oian lecb ikd 'qnd Y : (Ω, 2Ω, P ) → (S, 2S , PY ) idi .6
, Y = k -y zpn lr .S = {n, .., N} .dcig` P mr ,Ω = {(x1, .., xn) : xi ∈ {1, .., N}, i = 1, .., n}

:ok lr .k xtqnd mr cg` xeckae k -n ynn miphw mixtqn mr mixeck n− 1 -a xgapy jixv

pY (k) = P{ω ∈ Ω : Y (ω) = k} =

(
k

n−1

)(
1
1

)
(
N
n

)
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dxabl`-σ `ed σ(X) := {X−1(A) : A ∈ FS} sqe`d ik egiked .n"n X : (Ω,F , P ) → (S,FS , PX) .1
.F -a zlkend

,PX,Y (A × B) = PX(A)PY (B) ,B ∈ FY lkle ,A ∈ FX lkl m"m` z"a X, Y n"n ipy ik egiked .2
.Y -l l"pke X → (SX ,FX , PX) xy`k

.
∑

y∈SY
pX|Y (x|y) = 1 ,

∑
x∈SX

pX|Y (x|y) = 1 miiwzn n"n ipy lkl :ekixtd / egiked .3

zeciwtde ,drya zegewl 2 rvenna zlawn A wtlca dciwtd .A,B,C miwtlc dyely x`ecd cxyna .4
.zexg`d ly wtqda ielz epi` dciwt ly wtqdd ik gipp .rvenna drya zegewl 3 zelawn C -e B -a
jxhvz `idy zexazqdd dn .zegewld lkl szeynd xeza miyp` 4 micner diptl .x`ecl dribd ixin

.jkl dwcvd mr ,zeciwtl oeq`et zebltzd egipd ?zewc 45 -n xzei zekgl

.Z ∼ B(2, 1
2) ,Y ∼ B(3, 1

2) ,X ∼ B(5, 1
2) eidi .5

.P ({ω : X(ω) + Y (ω) + Z(ω) = 5}) z` eayg z"a X,Y, Z m` .`

?P ({ω : X(ω) + Y (ω) + Z(ω) = 5}) = 0 okzii m`d .a

?P ({ω : X(ω) + Y (ω) + Z(ω) = 5}) = 1 okzii m`d .b

lka `l e` z"a md m` oiive Y -e X ly ztzeynd zebltzdd z` `vn .zepbed zeiaew izy milihn .6
:mi`ad mixwndn cg`

izy lr eritedy mikxrd mekq" = Y ,"zeiaewd izy oia ritedy xzeia deabd jxrd" = X .`
."zeiaewd

."zeiaewd izy oia deabd jxrd" = Y ,"dpey`xd diaewd lr jxrd" = X .a

."zeiaewd izy oian jenpd jxrd" = Y ,"zeiaewd izy oian deabd jxrd" = X .b

ik egiked .zeiynn zeivwpet izy f, g eidie n"n X idi .7

E[f(X)g(X)] ≤
(
E[f2(X)]E[g2(X)]

)1/2

-ihihhqd weg z` egiked . g : R2 → R idze zexazqd agxn eze` lr mixcbend n"n ipy X, Y eidi .8
:dxkdd xqg i`w

E[g(X,Y )] =
∑
x,y

g(x, y)pX,Y (x, y)







f` .zewc 45 jez (m`zda) zelawn A,B, C zeciwtdy miyp`d 'qn zeidl X, Y, Z n"n xicbp .1

.X + Y + Z ∼ Poi(3
2 + 29

4) = Poi(6) okl ,z"a n"n X,Y, Z ik oezp .Y, Z ∼ Poi(9
4) ,X ∼ Poi(3

2)
okl

FX+Y +Z(4) = e−6
(
1 + 6 +

62

2
+

63

6
+

64

24

)
' 0.28

pX+Y +Z(5) =
(
10
5

)(
1
2

)10
' 0.24 okl ,X + Y + Z ∼ Binom(10, 1

2) f` z"a X,Y, Z m` .` .2

okle ,ibef `ed X + Y + Z cinz f` ,X = Y + Z lynl m` .z"a `weec e`l n"nd .ok .a
minrtd 'qn `ed X -e ,minrt 5 rahn milihn `nbecl .P ({ω : X(ω)+Y (ω)+Z(ω) = 5}) = 0
`viy minrtd 'qn Z -e ,zepey`xd zelhdd yelya y`x `viy minrtd 'qn `ed Y ,y`x `viy

.zepexg`d zelhdd izya y`x

.P ({ω : X(ω)+Y (ω)+Z(ω) = 5}) = 1 miiwzn i`ceea f` ,X = 5−Y −Z xicbdl lynl ozip .ok .b

izy lr eritedy mikxrd mekq" = Y ,"zeiaewd izy oia ritedy xzeia deabd jxrd" = X .` .3
."zeiaewd

SX , SY 2 3 4 5 6 7 8 9 10 11 12
1 1

36 0 0 0 0 0 0 0 0 0 0
2 0 2

36
1
36 0 0 0 0 0 0 0 0

3 0 0 2
36

2
36

1
36 0 0 0 0 0 0

4 0 0 0 2
36

2
36

2
36

1
36 0 0 0 0

5 0 0 0 0 2
36

2
36

2
36

2
36

1
36 0 0

6 0 0 0 0 0 2
36

2
36

2
36

2
36

2
36

1
36

.z"a `l X, Y okl pX(5)pY (7) = 3
2

1
36 la` , pX,Y (5, 7) = 2

36

."zeiaewd izy oia deabd jxrd" = Y ,"dpey`xd diaewd lr jxrd" = X .a
SX , SY 1 2 3 4 5 6

1 1
36

1
36

1
36

1
36

1
36

1
36

2 0 2
36

1
36

1
36

1
36

1
36

3 0 0 3
36

1
36

1
36

1
36

4 0 0 0 4
36

1
36

1
36

5 0 0 0 0 5
36

1
36

6 0 0 0 0 0 6
36

.z"a `l X,Y okl .pX(3)pY (6) = 1
36

11
36 la` pX,Y (3, 6) = 1

36

."zeiaewd izy oian jenpd jxrd" = Y ,"zeiaewd izy oian deabd jxrd" = X .b
SX , SY 1 2 3 4 5 6

1 1
36 0 0 0 0 0

2 2
36

1
36 0 0 0 0

3 2
36

2
36

1
36 0 0 0

4 2
36

2
36

2
36

1
36 0 0

5 2
36

2
36

2
36

2
36

1
36 0

6 2
36

2
36

2
36

2
36

2
36

1
36

.z"a `l X, Y okl pX(4)pY (3) = ( 7
36)2 la` ,pX,Y (4, 3) = 2

36
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-lxea ly diipyd dnla zigxkd `id zerxe`nd oia zelz-i`d zgpd dnl zicbp `nbec ici lr e`xd .1
.ilhpw

n"n ly zepeyd ly leabl eeyd .xiyi aeyig i"r λ xhnxt mr ipeq`et n"n ly zepeyd z` eayig .2
.p → 0 ,n →∞ xy`k ,λ = np mr B(n, p) inepia

:miiwzn X1, .., Xn n"n ly sqe` lkl ik egiked .3

V ar
[ n∑

j=1

Xj

]
=

n∑

j=1

V ar[Xj ] + 2
∑

i<j

Cov[Xi, Xj ]

z`e zlgezd z` eayig .σ2 = V ar[X] ,µ = E[X] onqp .zebltzd dze` ilra n"n X1, .., Xn ik gipp .4
.Sn = 1

n

∑n
j=1 Xj ixitn`d rvennd ly zepeyd

dn .`qtewdn mixeck n i`xw`a mi`iven .mixegy mixeck M -e mipal mixeck N yi `qtew jeza .5
.zlgezd ly zeiaihic`a eynzyd :fnx ?e`vedy mipald mixeckd 'qn ly zlgezd

ly mekq gieexn f` owgyd ."apf" zrtedl cr obed rahn lihn owgyd wgyna :bxeaqxht-hwpq zira .6
dn .(y`xn reaw a > 0) .apf `viy iptl eritedy miy`xd 'qn `ed k xy`k ,dziad jlede g"y ak

geexd zlgezl deey `ed m` obed `xwp melyz) ?wgyna szzydl n"r obed melyz didi mkzrcl
.(owgyd ly

cil zeayeid miypd xtqn ly zepeyd z`e zlgezd z` eayg ,lebr ogley cil miayei zebef 10 m` .7
.obef ipa
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.micica n"n X,Y eidi .1

:ik e`xd .divwpet g `dz .`
E[g(X)] = E[E[g(X)|Y ]]

ik e`xd .V ar[X|Y ] = E[X2|Y ]− (E[X|Y ])2 xicbp .a

V ar[X] = E[V ar[X|Y ]] + V ar[E[X|Y ]]

.P ({k}) = 2−k ,(Ω ly zeveaw-zzd sqe`) F = 2Ω ,Ω = N xy`k (Ω,F , P ) zexazqdd agxn oezp .2

.E[X|Y ] z` eayig .k = 1, 2, .. xear ,Y (k) = (−1)k ,X(k) = k -y jk (Ω,F , P ) lr X,Y n"n xicbp

,zexg` zepe`za z"a idylk dpe`za mirbtpd 'qn .Poi(λ) itl bltzn reaya lrtna zepe`zd 'qn .3
dpe`za mirbtpd xtqny dgpda .σ2 zepeye µ zlgez mr ,zebltzd dze` lra df xtqn zepe`zd lkae

.reaya mirbtpd xtqn ly zepeyd z`e zlgezd z` eayg ,zepe`zd xtqna ielz `l

xn`n .mipey micenr xear z"a `ede ,Poi(λ) n"n `ed cg` cenra zipclw dyery ze`ibyd 'qn .4
.m`zda 4,3,2,1 oeq`et ixhnxt dl` zeipclwly reci .zeipclw 4 -n zg` i"r clwed micenr 3 jxe`a

?xn`nd lka ze`ibyd 'qn zlgez idn .rax`d oian dcig` dxeva dxgap zipclwd

,dxifb i"r .dlhd lka ze`vezd mekq ly mihpnend zxvei divwpetd z` eayg .zeiaew izy milihn .5
.zepeyd z`e zlgezd z` elaw

i"r Y lye ,φX(t) = exp(2et − 2) i"r dpezp X ly mihpnend zxvei divwpetd .6

md dn ,z"a Y ,X m` .φY (t) = ((1
4)10(3et + 1)10

pX+Y (2) .`

pXY (0) .a

E[XY ] .b

.(dlaha eynzyd)

zxfra Y ly mihpnend zxvei divwpetd z` `ha ,mireaw a, b xy`k Y = aX + b m` .n"n X `di .7
.X ly mihpnend zxvei divwpetd

.X ∼ Poi(λ) xear M ′′
X(0) ,M ′

X(0) ,MX(0) mihpnend z` eayig .8
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i"r dpezp ,zerya ipexhwl` aay ly miigd jxe` ,X ly zexazqdd zetitv .1

fX(x) =

{
10
x2 x > 10
0 x ≤ 10

.FX(20) z` eayg .`

?X ly zebltzdd zivwpet idn .a

dn ?zegtl zery 15 jynl elrti dyely zegtl ,dl`k miaay dyiy jezny zexazqdd dn .b
?mkly zegpdd

:fY z` eayg ,mi`ad mixwnd ipya .2

.Y = sin(X) xicbpe ,X ∼ U(0, π) .`

.X ∼ Exp(λ) xy`k ,t3 − 9t−X zireaixd d`eeynd ly ilniqwnd yxeyd `ed Y .a

ik e`xd (.a) .reaw a ∈ R xear ,limx→∞
PZ([x+a/x,+∞))

PZ([x,+∞)) leabd z` eayg .Z ∼ N(0, 1) idi (.`) .3
.zlnxepn ok` `id N (µ, σ2) ilnxep n"n ly zetitvd zivwpet

i"r dpezp T ly zebltzdd zivwpet ik gipp .(zerya) znieqn zkxrn ly miigd jxe` T idi .4
xear ik egiked .G′(t) = g(t) zxbpd zlrae ,dxifb divwpet G(t) xear t > 0 -l FT (t) = 1 − eG(t)

P ({T > s + t}|{T > s}) < P ({T > t}) ⇐ ynn zcxei g :miiwzn 0 < s, t

P ({T > s + t}|{T > s}) = P ({T > t}) ⇐ dreaw g

P ({T > s + t}|{T > s}) > P ({T > t}) ⇐ ynn dler g

?zkxrnd lr xne` df dn ,mixwndn cg` lka

zexazqdd dn .σ = 4 ,µ = 40 mr zilnxep zbltzn (w"nqa) dipxetilwa zizpyd minybd zenk .` .5
dn ?w"nq 50 lrn ecxii dpezp dpyay cr mipy 10 zegtl gwii ,zigkepd dpydn lgdy jkl

?jly zegpdd

.λ = 0.5 xhnxt mr il`ivppetqw` n"n `ed dly qehqehd z` owzl ixinl yxcpy (zerya) onfd .a
ixg` miizqi oewizdy zipzend zexazqdd dn ?miizry lrn gwii oewizdy zexazqdd dn

?zery 9 jxrp xak `edy ozpida ,zery 10

:a, b, c lkl xicbp .6

f(x, y) =

{
eay−bx 0 < y < x

0 zxg`
dxwna ?(X,Y ) ixwn xehwe ly zetitv zivwpet didz efy jk c > 0 miiw a, b ly mikxr el` xear

?z"a (X, Y ) m`d ,df
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.` .1

FX(20) =
∫ 20

10

10
x2

dx = ... =
1
2

.a

FX(x) =

{ ∫ x
10

10
t2

dt = 1− 10
x x > 10

0 x ≤ 10

.p = 1 − FX(15) = 1 − (1 − 10/15) = 2/3 `id zery 15 zegtl lrti aayy jkl zexazqdd .b
idi .1− p zexazqda Xi = 0 -e p zexazqda Xi = 1 xy`k ilepxa n"n i = 1, .., 6 xear xicbp
,miaayd oia zelz-i` gipp .zery 15 zegtl miig jxe` mr miaayd 'qn xnelk Y =

∑6
i=1 Xi

okl ,Y ∼ Binom(6, p) f`

PY ({3, 4, 5, 6}) = 1− PY ({0, 1, 2}) = 1−
((1

3

)6
+ 6

2
36

+ 15
4
36

)
' 0.89

:okl .eply megza r"gg dpi` sinx -y jkl al eniy .` .2

FY (y) = P{sinX ≤ y} = 2P{0 ≤ X ≤ arcsin y} = 2
∫ arcsin y

0

1
π

dx =
2
π

arcsin y

:y ∈ (0, 1) xear okle
fY (y) =

2

π
√

1− y2

xicbp .Y = 9+
√

81+4X
2 `ed ilniqwnd yxeyd .t2 − 9t − X = 0 :zireaix d`eeynd oaenk .a

:dpzynd iepiy zgqep it lr okl .dler zipehepen g f` .x > 0 -l ,g(x) = 9+
√

81+4x
2 = y

fY (y) =
∣∣∣ d

dy
g−1(y)

∣∣∣fX(g−1(y)) , y > 0

g−1(y) = (y − 4.5)2 − 81
4

fY (y) = 2(y − 4.5)λe−λ(y−4.5)2−λ 81
4 , y > 0



0 -l mdipy mit`ey dpknde apend .limx→∞
PZ([x+a/x,+∞))

PZ([x,+∞)) = limx→∞
R∞

x+a/x fZ(x)dxR∞
x+a/x fZ(x)dx

z` aygl yi .3
:zexfbpd zpn ly leabd z` aygp okl ,mixifb mdipy ,seqpi`l s`ey x xy`k

−fZ(x+a/x)(1−a/x2)
−fZ(x) = (1− a

x2 ) exp(−a− a
2x2 ) −→x→∞ exp(−a)

.oey`xd leabl deey df leab ,lhitel llk t"r

:s, t > 0 eidi .minec mixzepd mixwnd ipy ,oey`xd dxwnd z` wx gikep .4

P ({T > s + t}|{T > s}) =
P{T > s + t, T > s}

P{T > s} =
P{T > s + t}

P{T > s} =
1− F (s + t)

1− F (s)
=

eG(s+t)

eG(s)

= eG(s+t)−G(s) = e
R s+t

s g(x)dx < e
R t
0 g(x)dx = eG(t)−G(0) = P ({T > t}|{T > 0}) = P{T > t}

-y dxwna .onfd mr ztiirzn zkxrnd : oeieey i`d yext .(T > 0 -y jka epynzyd oexg`d xarna)
.onfd mr zwfgzn zkxrnd ,dler g -y dxwnae ,ztiirzn `l zkxrnd ,dreaw g

ilnxep n"n eli`e ,zilily-i` cinz `id ik ilnxep n"n zn`a dpi` minybd zenk ik dligz xirp .` .5
ly ililyd apfd ly dnexzd ik aeh witqn aygp df aexiw ,z`f lka .ilily zeidl leki izin`
.oiprd jxevl gipf aygp okle ,10−4 -n lecb xzei `l dfe 1 − Φ(10) `ed eply dxwna o`iqe`bd
dpey`xd dpyd z` oiivn Y ∼ Geom(p) -e ,zizpyd minybd zenk `id X ∼ N(40, 16) :okae

:p z` aygp .w"nq 50 -l lrn ecxii da

p = PX([50,∞)) = 1− P
{X − 40

4
≤ 50− 40

4

}
= 1− Φ(2.5) ' 1− 0.9938 ' 0.0062

`id zyweand zexazqdd okl

PY ({10, 11, ..}) = (1− p)9 ' 0.94

.zexg`d mipya z"a znieqn dpya minybd zenky dgpda o`k epynzyd

:miizry lrn gwii oewizdy zexazqdd .X ∼ Exp(0.5) .a

PX([2,∞)) = 1− FX(2) = 1− (1− e−2 1
2 ) = e−1 ' 0.37

ynzyp) zery 9 jxrp xak `edy ozpida ,zery 10 ixg` miizqi oewizdy zipzend zexazqdd
:(oexkif xqg `ed 'tqw` n"ny jka

P ({X ≥ 10}|{X ≥ 9}) = P{X ≥ 1} = 1− FX(1) = e−
1
2 ' 0.61

.6

f(x, y) =

{
ceay−bx 0 < y < x

0 zxg`

`ed lenxpd reaw .a < b ,0 < b milawn .
∫∞
0

∫∞
y f(x, y)dxdy = 1 i`pzdn mireawd lr mi`pz lawp

lawpe zeileyd zeiebltzdd z` aygp .c = b(b− a)

fX(x) =
∫ x

0
f(x, y)dy = ... = ce−bx eax − 1

a

fY (y) =
∫ ∞

y
f(x, y)dx = ... =

ceay

b

.x = y = 0 -a lynl ,f(x, y) = fX(x)fY (y) miiwzn `l oda zecewp yi
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n"n `ed weawal qpkpd uind zenk xy`k ,zxyxya miweawa z`lnnd dpekn yi ,zbixt lrtna .1
.w"nq 1010 ly gtp lra weawa lk .(w"nq ly zecigia) N (1000, 202) bltznd

?weawan jtyii uiny zexazqdd dn .`

dn .weyl `vei `l w"nq 970 -n zegt liknd weawa .zxewia mixaer miweawad ,ielind xg`l .a
?zxewia exary miweawa 1000 jezn weyl mi`vei `ly miweawad xtqn ly zlgezd

zilnxep bltzn (zewca) cg` lk onf jyny ,ipyd ixg` cg` ,mialy dyelyn zakxen dcarn zwica .2
mikixv iyilyl ipyd alyd oia .σ3 = 0.2 ,µ3 = 3.9 ,σ2 = 0.1 ,µ2 = 2.5 ,σ1 = 0.2 ,µ1 = 3.6 :onwlck
ipnf ik egipd) ?zewc 12-n zegt jxriz dlek dwicady jkl zexazqdd dn .zewc 2 weica zekgl

.(z"a dpzndd

.limx→+∞ exPX([x,+∞)) = 0 if` ,zniiw E[eX ] -e ,fX zetitv lra sivx n"n X m` ik egiked .3

.(1, 1) ,(1, 0) ,(0, 1) ,(0, 0) micwcw mre 1 ghy lra reaixa zinxetipe` dxeva i`xw`a zxgap dcewp .4
.dcewpd ly zehpixe`ewd X,Y eidi

.X, Y ly zeileyd zeiebltzdd z` e`vn .`

?z"a X, Y m`d .a

.14 -n lecb didi reaixd fkxn l` (X,Y ) -n wgxndy jkl zexazqdd z` e`vn .b

-y jk ,(X1, X2) miicnin-ec mixehwe ly zexcq xviil rcei mzixebl` :Box-Muller zivnxetqpxh .5
xicbp ,zilnxep mibletnd mixehwe ly zexcq xviil zpn lr .z"a X1, X2 -e X1, X2 ∼ U(0, 1)

Y1 =
√
−2 ln X1 cos(2πX2)

Y2 =
√
−2 lnX1 sin(2πX2)

.z"ae Y1, Y2 ∼ N(0, 1) ik e`xd

mekqa zekfl p = 0.2 iekiq el yi .szzydl ick g"y 120 mlyn owgy :`ad wgynd ldpzn epifwa .6
eribd ,qenr ikd meia .dziad jled `ed wgynd seqa dxwn lka .zekfl `l 0.8 iekiqe g"y 1200 ly
sqk ly mekq ciqti epifwdy zexazqdl zixtqn dkxrd epze z"a mipwgyd ik egipd .mipwgy 1000

?epifwd ldpn lr mkzrc dn .g"y 12000-n ohwd

.Z = min{X1, .., Xn} -e Y = max{X1, .., Xn} exicbd .Exp(λ) mibltznd z"a n"n X1, .., Xn eidi .7
.FZ ,FY z` eayig
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.P{|X| > 2} = 0 f` ,E|Xk| ≤ M miiwzn k ∈ N lkly jk M > 0 miiw m` :gked .1

E[
√

X] .a E[X2] .` :mi`ad miiehiad lr xnel ozip dn .25 zlgez lra ilily i` n"n X idi .2

E[e−X ] .c E[lnX] .b

P{∏100
i=1 Xi ≤ a100} -l mqg epz .i 'qn dlhda lawznd jxrd Xi idi .minrt 100 diaew milihn .3

.1 < a < 6 xear

dqxbd z` egiked .Sn =
∑n

i=1 Xi xicbp .EX1, EX2
1 < ∞ mr zebltzd ieey z"a n"n X1, X2, .. eidi .4

miiwzn ε > 0 lkl :(ylgd) milecbd mixtqnd weg ly d`ad

lim
n→∞P

{∣∣∣ Sn

ESn
− 1

∣∣∣ ≥ ε
}

= 0

dpey didi obed rahn ly z"a zelhd 10000 -a elawzdy miy`xd xtqny zexazqdl dkxrd epz .5
,ifkxnd leabd htyna f`e ayia'v oeieey-i`a mcew eynzyd ,jk myl .cg` feg`n zegta 5000 -n

.5100 lr dlri miy`xd 'qny 'zqdl dkxrd epz .ze`vezd oia eeyde

:egiked .dtivx g : R→ R `dze ,reaw c ∈ R idi ,n"n zxcq {Xn}n∈N `dz .6

Xn
P−→ c f` Xn

D−→ c .`

.(`ad sirqa ynzydl oi`) g(Xn) P−→ g(X) f` Xn
P−→ X m` .a

g(Xn) a.s.−→ g(X) f` Xn
a.s.−→ X m` .b

,ifkxnd leabd htyn zxfra .1 xhnxt mr zipeq`et zebltzd ilra z"a n"n X1, X2, ... eidi zeyx .7
leabd z` eayig

lim
n→∞

√
ne−n nn

n!
leabd z` wiqdl elkeze ,zilnxepd zebltzdl zebltzdd 't ly zeqpkzd elawz ,htynd it lr :fnx)
leabd m`d .(dxifbl leab zlgiwl oia xcq ztlgd wicvdl jxev oi` - zebltzdd 't ly zxfbpd ly

?mkl xken



13 oeilbl oexzt -e"qyz zexazqdd zxez

1 ≤ k lkl :aewxn oeieey-i` it lre ,divwecpi`a lawp .1

P{|X| ≥ 2} = P{|Xk| ≥ 2k} ≤ E|Xk|
2k

≤ M

2k

.P{|X| ≥ 2} = 0 okle ,k- a ielz epi` l`ny cv

:okl .dxenw −g f` ,dxerw g m` ik al miyp . oqpi oeieey-i` lr qqazn df libxz .2

E[X2] ≥ (E[X])2 = 625 .`

E[
√

X] ≤
√

E[X] = 5 .a

E[lnX] ≤ ln E[X] ' 1.6 .b

E[e−X ] ≥ e−E[X] ' 0.007 .c

aewxn oeieey-i`a ynzype ,dler divwpet ln .E[Xi] = E[X1] = 7
2 onqp okl ,d"ye z"a Xi n"nd .3
:(0 ≤ ln Xi ,0 < ln a okl 1 < a)

P{
100∏

i=1

Xi > a100} = P{ln
100∏

i=1

Xi > ln a100} ≤ E[ln
∏100

i=1 Xi]
ln a100

=
100E[ln X1]

100 ln a
=

E[ln X1]
ln a

:okl ,dxenw − ln

P{
100∏

i=1

Xi ≤ a100} = 1− P{
100∏

i=1

Xi > a100} ≥ 1− E[ln X1]
ln a

≥ 1− lnE[X1]
ln a

= 1− ln(7/2)
ln a

> 1− ln(7/2)
ln 6

' 0.3

:reaw n"n ly zebltzdd zivwpet z` aezkp .` .6

Fc(x) =

{
1 x ≥ c

0 x < c

:FXn(x) → Fc(x) ,x lkly oeeikn f` .ε > 0 idi

P{|Xn−c| ≤ ε} = P{Xn ≤ c+ε}−P{Xn < c−ε} n→∞−→ Fc(c+ε)−P{c < c−ε} = 1−0 = 1

.yxcpk ,limn→∞ P{|Xn − c| > ε} = 0 ,ε > 0 lkl okle



m`y jk δ > 0 `evnl lkep ε > 0 lkly `ed o`k iyewd .(oganl `l dfd xnegd) dyw df sirq .a
f` |X(ω)−X(ω)| ≤ δ

- ω ly zeveaw lr lkzqpyk dira epl didze ω -a ielz didi δ la` |g(X(ω))− g(X(ω))| ≤ ε

:k > 0 lkl aezkp .deey dcna zetivxa ynzydl dvxp okl . mlekl aeh `edy δ didi `l

{|f(Xn)− f(X)| > ε} ⊂ {|f(Xn)− f(X)| > ε, |X| ≤ k} ∪ {|X| > k}

lkly jk δ > 0 miiw f` ,oezp ε > 0 idi .meqge xebq rhw lk lr y"na dtivx `id okl dtivx f

okl .|f(x)− f(y)| ≤ ε f` |x− y| ≤ δ m` , x, y ∈ [−k, k]

{|f(Xn)− f(X)| > ε, |X| ≤ k} ⊂ {|Xn −X| > δ, |X| ≤ k} ⊂ {|Xn −X| > δ}

okl
{|f(Xn)− f(X)| > ε} ⊂ {|Xn −X| > δ} ∪ {|X| > k}

:P (A ∪B) ≤ P (A) + P (B) dpekza ynzyp

P{|f(Xn)− f(X)| > ε} ≤ P{|Xn −X| > δ}+ P{|X| > k}

if` .P{|X| > k} < γ -y jk k xgape ,γ > 0 idi okl .P{|X| > k} → 0 ,lcb k xy`k la`

lim
n→∞P{|f(Xn)− f(X)| > ε} ≤ lim

n→∞P{|Xn −X| > δ}+ γ = γ

.epxnb okl γ lkl oekp df

idi .B = {ω : limn→∞ g(Xn(ω)) = g(X(ω))} , A = {ω : limn→∞Xn(ω) = X(ω)} onqp .b
xnelk ,limn→∞ g(Xn(ω)) = g(X(ω)) ,g zetivxne okl ,limn→∞Xn(ω) = X(ω) if` .ω ∈ A

.epniiq okl ,P (A) = 1 ,oezpdn .P (A) ≤ P (B) okle ,A ⊂ B okl ,ω ∈ B
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