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16 CHAPTER 1 INTRODUCTION: BASIC PRINCIPLES

1.12. For non-negative integers k, the Fermat numbers are defined by
Fr=22" +1.

Show that gcd(Fx, Fe) = 1 for k 5 £. Deduce from this coprimality that there
exist infinitely many prime numbers.

Fermat numbers are important with respect to the old question which reg-
ular n-gon can be constructed with ruler and compass (more details can be
found in Section 9.6).

1.13.* From an algorithmic point of view it is sometimes an advantage to
use a modified version of the Euclidean algorithm which works with the
nearest integer.

Rewrite the Euclidean algorithm by replacing (1.11) by

. 1
Tn—1 = Qn417n + T+l with Tnt1 € Za |7"n+1| < §|TH|'

Show that this algorithm terminates, is at least as fast as the Euclidean
algorithm, and also produces the greatest common divisor.

1.14. Prove that there are only finitely many best approzimations f!- to a
given § € Q. Show that the best approzimation with mazimal y corresponds
to the solution x,y € Z of (1.12) with minimal |yl.

1.15. Using the Euclidean algorithm solve the linear diophantine equation

T7708431X — 2640858Y = 1.

; , e PL 77708 431 .
This provides a best approzimation o to Seipees - Now continue these

investigations for the linear equations g2 X —pnY = 1 forn = 1,2,..,
where % is the best approzimation obtained by the preceding linear equation.
Recover Huygens’ approximation g;_s to % from Section 1.8.

This provides an algorithm for finding the best approximations to a given
rational number.

1.16. Write a computer program which computes the best approrimations
to a given real number below a given magnitude for the denominators. Use
this to find the best approzimations g to 7 with g < 107.

1.17. From chemistry we know the fermentation reaction (important for
producing alcohol) in the variables X,Y, Z:
X -CgH1206 — Y - CgHsOH + Z - CO4.
Which quantities x,y, z for the ingredients can be chosen for this reaction?
1.18.* Find integral solutions z,y, z to the linear equation
17X —11Y +12Z =1.

Classify all solutions! Show how to proceed with a linear diophantine equa-
tion in n variables.

Hint: Introducing a further variable W, investigate the system of linear
equations W = 17X — 11Y and W + 127 = 1.

T R R £ R T LT 0

]
£
!

CHAPTER 2

Classical approximation theorems

So far we have proved only isolated results. Now it is time for theory!
We start with the theory of diophantine approximations. In this chapter
we shall prove classical theorems due to Dirichlet, Kronecker and Hurwitz
and give some of their amazing applications (criteria for irrationality and
uniform distribution). Further, with the pigeonhole principle and the Farey
sequence we will learn two more simple but important tools in our diophan-
tine toolbox.

2.1. Dirichlet’s approximation theorem

It is much more interesting to approximate irrational numbers than ra-
tionals. As we have seen in Section 1.9, the set of best approximations to
a given rational is finite. As we shall show now, the situation is rather
different for irrational numbers.

In 1842, Dirichlet proved

Theorem 2.1. If « is irrational, then there exist infinitely many rational
numbers s such that

1
<EZ—.

P
a—=

q

(2.1)

This property characterizes irrational numbers; i.e., a rational a allows only
finitely many approzimations IEJ with (2.1).

The qualitative question whether a given real number « is irrational or not,
depends on a quantitative property of ¢, namely, on the quality of rational
approximations to a. Multiplying inequality (2.1) with g shows that, indeed,
there are infinitely many best approximations to a given irrational a.

The following original proof of Dirichlet’s approximation theorem relies on
the so-called pigeonhole principle (or box principle) which states that
if n+ 1 objects are distributed into n boxes, then at least one box contains
at least two objects; this is easily seen by a contradiction argument or by
induction.

Proof. We denote the integral part and the fractional part of a real
number z by

[zl =max{z€Z :2<z} and  {z}=z—[z],

17



18 CHAPTER 2 CLASSICAL APPROXIMATION THEOREMS

respectively; in some literature [.] is also called Gauss bracket. Let Q) be
a positive integer. The numbers

0,{a},{2a},...,{Qa}

define Q + 1 points distributed among the @ disjoint intervals
—, = or j=1,...Q.
T
By the pigeonhole principle there has to be at least one interval which
‘contains at least two numbers {ka} > {fa}, say, with 0 < k,£ < @ and
k # £. 1t follows that
{ka} — {fa} ka — [ka] — Lo+ [La]
(2.2) = {(k—20a}+ (k- Oa]+ [la] — [ko].

€Z

Since {ka} — {fa} lies in the interval [0, %), the integral parts in (2.2) add
up to zero. Setting ¢ = k — £ we obtain

{ga} = {ka} — {ta} < %.

With p := [ga] it follows that

-] - 5 4

which implies the estimate (2.1) (since ¢ < @).
Now suppose that « is irrational and that there exist only finitely many
solutions %, ceey %ﬂ to (2.1). Since o ¢ Q, we can find a @ such that

(2.3)

w Pi
a5

>—1— for j=1,...,n,

Q

contradicting (2.3).
Finally, assume that ¢ is rational, say a = § witha € Zand b€ N. If

a:%%%,then

(2.4) o -

g‘ _log—tl 1
q bq bq

and (2.1) involves ¢ < b. This proves that there are only finitely many %
with (2.1). The theorem is proved. e

The proof is inefficient. Yet we cannot compute best approximations with-
out big computational effort.

\%( <J@f

3
3
2]
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2.2. A first irrationality criterion
Dirichlet’s approximation theorem leads to a first irrationality criterion.
Theorem 2.2. If there are infinitely many coprime solutions p,q of

D 1
R T

with a fized § > 0, then a is irrational.

(2.5)

Proof. We assume that « is rational, say o = % with g € Z and b € N.
Then we shall show that both the set of p’s and the set of ¢'s satisfying
(2.5) are finite. By contraposition, this gives the assertion of the theorem.
Combining (2.4) from the proof of Theorem 2.1 with (2.5) we get the

inequality

1 1

by < g
which implies that ¢ < b3. So there are only finitely many possible g¢’s. It
remains to be shown that the same holds true for the p’s. For any given p, ¢
with (2.5) we consider fractions of the form @, where p(t) = p+ t with
some integer variable t. If any of these fractions satisfies (2.5), it follows
from the triangle inequality that

¢l

q

Q| e

1 o)<

=0

Thus, [t| < 2¢7% < 2 (since ¢ > 1). Hence, for any one of the finitely many
g’s there are at most three different values of ¢ for which p(t) can satisfy
(2.5). So we are done.

This simple criterion is surprisingly strong. For example,

(2.6) > 10 = 0.11000 10000 . ..

n=1
is irrational. In order to prove this one only has to cut the series at one
of the 1's which leads immediately to a candidate g that satisfies (2.5) for
some positive 4.

2.3. The order of approximation

We say that o is approximable by rationals of order & if there exists
a positive constant c(a), depending only on «, such that

p| _ @)

q q"

has an infinity of rational solutions g. In a sense, « indicates the speed of
convergence of the “sequence” g to a. Taking into account our previous
observations we see that

o cla)
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e any rational « is approximable of order 1, and to no higher order
(by Exercises 1.14 and Theorem 2.1);
e any irrational o is at least approximable of order 2 (by Theorem
2.1).
It is a natural question to ask for improvements of Dirichlet’s theorem.
Khintchine [90] proved in the 1930s a remarkable result which states that the
set of numbers which allow a stronger approximation has measure zero;
i.e., given any positive €, the set can be covered by a countable number of
intervals of total length less than e. '

Theorem 2.3. Suppose that 1 is a positive function such that

> ¥(a)

converges. Then for almost all a (i.e., the set of exceptional o has measure
zero), there is only a finite number of solutions p,q € Z to the inequality

(2.7) lga — p| < 9(q).

We are only interested in the fractional part of g, that is, the residue class
of goe modulo Z. For this purpose it is useful to represent numbers on a
circle instead of on a straight line. In order to eliminate integral parts we
may take the complex unit circle and represent a real number z by the
point whose distance from 1 measured round the circumference in counter-
clockwise direction is 2wz. Then numbers which differ by an integer, as
z and {z}, are represented by the same point of the circumference. This
so-called circular representation automatically neglects the integer part
[x] of z. In other words, the mapping

T — exp(2miz)

is an isomorphism between the circle group R/Z and the group of complex
numbers of absolute value one.

0, Proof of Theorem 2.3. Given € > 0, we can find an integer @) such that
b €
> wle) < 7
( 7>Q
Without loss of generality we may restrict ourselves to numbers o lying

in the interval [0,1). Consider those o for which the inequality (2.7) has

infinitely many solutions. For each ¢ > @ consider the intervals of length
2‘—"% centered around the rational numbers %, %, . 9—;—1 with respect to
R/Z. Consequently, each a will lie in one of these intervals since

A i _P_l:l_qe;z’_uw_

b ; , p _ o
The measure of these intervals is ye™ (
2¢(g)
(R L g, L Q,
{w.‘ky‘f < - ;2" g L U
%? & = . ‘C © 5\ N
IR P

i it & e T s Bl

i

i ki e it e

i
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which proves the theorem. e

For example, we may take ¥(q) = ¢ !(log ¢)~1~¢. Thus almost all numbers
cannot be approximated by an order 2 + £. On the contrary, for a positive
function ¥ such that

(o0}

> " (g)

q=1

diverges, Khintchine proved that for almost all o, there exist infinitely many
solutions p,q € Z to the inequality (2.7). A more subtle characterization
of real numbers with respect to the order of approximation seems to be a
rather difficult task.

2.4. Kronecker’s approximation theorem

As we have seen above, for any given real a we can find integers g for which
qo differs from an integer by as little as we please. Kronecker’s celebrated
approximation theorem from 1891 considers the inhomogeneous case.

Theorem 2.4. If a is irrational, n € R is arbitrary; then for any N € N
there ezist Q € N with Q > N and P € Z such that

L/
3 v o [ { ]
Q v) - %
Proof. By Theorem 2.1 there are integers ¢ > 2N and p such that

|Qa— P —n| <

1
lgor —pf < -
q
Suppose that m is the integer, or one of the two integers, for which
lan—m| < 3
an =3

In view of Theorem 1.6 we can write m = pz—qy, where z and y are integers
and |z| < g. Since

’

AISSH !
w2 K«
=1 NG AP

o M)

g(za —y—n) = z(qa — p) — (gn —m),
we find

N o

1 1
Iq(ma—y—n)l<§q-a+
Setting @ = ¢+ and P = p+ y yields

1 3
N<-g<Q< =
5715 @ <50, kx\{"—ZL,l
and thus S\
P
1.1 2 3 AT
Qoa—P-g|<lza—y—-n+lga—p|l<-+-=2< =, I~ |
I 1| < lea —y —n| + |ga — p| P LR B
This is the inequality of the theorem. o AN

Kronecker’s approximation theorem provides information on topological
properties of sequences with respect to the circular representation. We start
with dense sequences. A sequence of real numbers a,, is said to lie dense
in an interval [a,b) if for any open neighborhood U of any point of [a, b),
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there is an element o, € U. Recall that {a,} denotes the fractional part of
On, e, {an} = an —|an}. By virtue of Kronecker’s approximation theorem
the sequence defined by o, = {na} lies dense in [0,1) if and only if « is
irrational. This gives another characterization of irrational numbers.

2.5. Billiard

Kronecker’s approximation theorem has an interesting and entertaining
consequence for billiard. This application is due to Konig & Sziics [93] and
is known as the problem of the reflected light ray in plane geometry. The
sides of a square are reflecting mirrors. A ray of light leaves a point inside
the square and is reflected by the mirrors. What can be said about the path
the ray of light will take?

Let ~ be the angle between a side of the square and the initial direction.
Without loss of generality we may assume that the square has edges of
length 1, so we may think of the square as [0,1)% C R?. The path of the ray
of light is periodic if and only if the straight line is modulo Z? the union
of finitely many straight lines. On the contrary, the path is dense if the
straight line lies dense in (R/Z)?. The straight line is given by

y=az+p,

where o = tany and £ is some real number.
First, assume that « is rational, say equal to 1;, where p and ¢ are coprime
integers. Consequently, this straight line is invariant under transformations

(;) - <Z> +k<:> for k € Z.

Now assume that « is irrational. Given any point (z;,y;) € R? and any
positive g, Kronecker’s approximation theorem, applied with n = —y; + 3+
azy, yields integers P, Q such that

i +P—(a(zi+Q)+8)=|y1 —B8—az, +P - Qa| < ¢.
N —_—
=-n
Hence, (z1,71) and the point (z;,a(z; + Q) + B) lie modulo Z? as close as
we please.

FIGURE 2.1. The way of reflected rays of light, one with
an irrational tangent, the other one with a rational tangent.

Thus, the path of the ray of light is closed and periodic if and only if the
angle between a side of the square and the initial direction of the ray has a
rational tangent, that is, & = tany € Q; otherwise the ray of light passes
arbitrarily near to every point of the square.

ot AR ' oo AR A A B ki
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2.6. Uniform distribution

We say that a sequence (@, ), is uniformly distributed modulo 1 if the
proportion of the fractional parts {a,} which lie in an arbitrary subinterval
[a,b) of [0,1) coincides with the length of [a,b); more precisely, for any
0<a<b«l,

Jim %ﬁ{n <N :{an}€la,b)} =b-a.

The notion of uniform distribution has its origin in probability theory.

It is easy to see that a uniformly distributed sequence modulo 1 lies dense
in [0, 1) a fortiori. However, the converse implication does not hold: uniform
distribution is a stronger concept than denseness. For instance, consider the
sequence of the fractional parts of log n, where here and in the sequel logn is
the logarithm to base e. This sequence lies dense in [0, 1) but it is easily seen
that it is not uniformly distributed modulo 1. It is yet unproved whether
the sequence of numbers exp(n) for n € N is uniformly distributed modulo
1. '

Theorem 2.5. For irrational a, the sequence (na),, is uniformly distributed
modulo 1.

Proof. Let € be a small positive quantity less than 1—10. In view of Kroneck-
ers’s theorem 2.4 there exists an integer m such that 0 < {ma} =: 6§ < e.
Put A = [%] and, for 0 < d < A, define the intervals Z; by the inequalities

{dma} < z < {(d + 1)ma}.
The interval Za extends beyond the point 1, but we may use the cir-
cular representation. For N € N, denote by Ay(N) the number of
{a},{2a},...,{Na}, which lie in the interval Z;. If {na} € Z, for some
positive integer n, then {(n + dm)a} € I, and vice versa. Hence, for
N > dm,
/\d(N) - )\d(dm) = Ao(N - dm)
Obviously, Ag(dm) < dm and Ag(N — dm) > A\o(N) — dm. Therefore
Ao(N) — dm < Mg(N) € Mo(N) + dm,
which implies
Ad(N)

2.8 = < d < A.
(2.8) Nl—l»noo)\O(N) for 0<d<A
Now
A-1 A
D A(N) SN <3 ().
d= d=0

In view of (2.8) we get
(A+o(1)A(N) SN < (A+1+0(1))ho(N), &
where as usual f(x) = o(g(z)) with a positive function g(z) denotes that

lim M =
z—o0 g(z)
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It follows that

1 e doV) X(N) 1
. — < —=< < —.
(29) IR i R A

If T = [a,b) with b— a > ¢, there exist positive integers u and v such that

0 < {uma} <a < {(u+1)ma} < {(u+v)ma} <b< {{u+v+1)mal,

and .
utv—1 u+tv
D Aa(N) S Nz <Y (N,
d=u+1 d=u

where N7 is the number of {na} with n < N which fall into the interval T,
ie.,

Nz=#{n <N : {a,} €[qg,b}
By (2.8) '

Ny
v—1 < liminf
T N-—oo )\o(N) N—oco )\O(N) -

This gives in (2.9)

v—1 Lo NI- . NI v+1
< — < —_— < .
NI i R i
Since
JAL1I<H(A+]) and Sv—1)<b-a<dv+1),
we deduce
b—a—25 .. Nj_' . NI b—a+25
— < — < AR G i
T35 = lpinf 5 slimsup 7 < ——

The quantities € and § can be chosen as small as we please; thus the theorem
is proved. e

It is easy to see that \/m is rational if and only if m is a perfect square.
Thus, Theorem 2.5 implies that the sequence (n/m), is uniformly distrib-
uted modulo 1 whenever m is not a perfect square.

Uniform distribution is an interesting subject with many important ap-
plications. For example, the Monte Carlo method for numerical integration
relies on randomly chosen points in the range of integration in which the
integrand in question is evaluated. If these points are uniformly distributed,
the sum of these values is an approximate substitute for the integral. For
this and more we refer the interested reader to Hlawka [83] or Kuipers &
Niederreiter [96]. The city of Monte Carlo is famous for its elegant gambling
casinos. The name Monte Carlo method is a tribute to the celebration of
the laws of chance played there.

N
Slimsup—i <v+1. J/

SR LW e

BB

i e
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2.7. The Farey sequence

The Farey sequence was introduced by Haros in 1802 and (independently)
by Farey in 1816. However, Cauchy was the first who studied it systemati-
cally.

For any positive integer n the Farey sequence F, of order n is the
ordered list of all reduced fractions in the unit interval having denominators
<n:

fn={%€(@ :0<a<b<n with (a,b):l}.

For example,

01 011 01121
2.1 ={— = = = = ==, = = - -
(2.10) A {1’1}CF" {1’2’1}CF3 {1’3’2’3’1}C

Clearly, 7, C Fpny1 (here we wrote the new members in bold face). Each
rational in the unit interval will eventually occur in the Farey sequence,
and hence the Farey sequence is building Q modulo Z. In particular, this
construction proves once more that Q is countable.

How large is F,7 The number of Farey fractions in F,, is related to
Euler’s totient ¢(b) which counts the number of positive coprime integers
a<hb,ie.,

pb) =41 <a<b: ged(a,b) =1}
Before we answer the question on the size of F,, we introduce the useful
Landau—Vinogradov symbols. We write

flz)=0(g(z)) and  f(z) < g(2),

respectively, where g(z) is a positive function, if

lim sup L2

RN 169

is bounded,

or equivalently, if there exists a positive constant C such that | f(z)| < Cyg(z)
for all sufficiently large z. Using this notation and with some knowledge on
arithmetic functions one can prove the asymptotic formula

3
(2.11) 1Fn =1+ o(b) = —n? + O(nlogn).

T

b<n
Thus, F,, is growing quadratically in n.
Two consecutive elements in F,, are called neighbors. Of course, this

relationship breaks down as n — oo. Nevertheless, neighborhood is a fun-
damental concept in the theory of Farey fractions.

Theorem 2.6. For any neighbors 2 < g n Fn,

bc —ad = 1.
In particular, under the assumptions of the theorem
a_ be—ad 1
b~ bd  bd

c
d
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P(X1, or Xmax (nympy Yoo oos Y ) = PL (X1, oo, X Vi o, Yo )Po (X1 s Xy Ve oo, Vi)

1’ 2’

NNIWNYT 09X '77NN 'Y INKRN .0M%Y P; 7w DmTpnn iy DY 179 0'Tnn 'RTIR
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X7 D DXI N'O101'X NX7177 N0121 N'1dNN Nnxy 72v yn7 naxiy D ox .D(D) 7y 7Dnoa nyd
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