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Five types of numerical competence (Davis&Pérusse, 1988)

I. Relative numerousness judgments involve the simplest decision processes since no knowledge of absolute number is required. Instead numerical inequalities are ordered in magnitude (e.g. "more" vs. "less" decisions).

II. Subitizing (from Latin subitus, which means “sudden”) is a form of pattern recognition that is used to rapidly assess small quantities of items. For instance, a glimpse of several dots arranged at the angles of an imaginary triangle leads to a judgment about the specific quantity. For us, that quantity would be labeled "3" because we know that triangles have three corners.

Subitizing is supposed to be a mechanism, separate from enumeration, by which humans make quick and accurate estimates of small numbers of things. People were reported to show very short reaction times while accurately judging up to 4 things whereas reaction times increased progressively when they had to assess greater numbers of items. 

III. Estimation refers to the ability to assign a numerical label to an array of large numbers of items without having to count or enumerate each one. When we judge at a glance that there are about 50 ducks on a lake we are "estimating".

IV. Counting is the ability to discriminate the absolute number in a set by a process of enumeration. This involves tagging each item in a set, and applying a series of ordered labels as these items are ‘counted off’.

V. Concept or sense of number as an attribute of counting. This term implies an ability to transfer numerical discriminations across sensory modalities (e.g. 5 sound pulses are equivalent to 5 light flashes) or across modes of presentation (e.g. 4 red squares shown simultaneously on a computer screen are equivalent to 4 red squares presented one after the other).

Most of the experiments with animals correspond to two types of numerical competence: numerosity and counting.

Numerical abilities can be evaluated in two ways.

(1) E (education-based) tasks: Performance on tasks that would seem to depend heavily on education and practice, such as single and multidigit arithmetic, both speeded oral and written.

(2) B (biologically based) tasks: Performance on tasks that may reflect basic, inherited, numerical abilities, in particular visual numerosity judgments (subitizing) and number magnitude comparisons.
Below we focus on the innate arithmetical abilities of animals and humans. We assume that on the qualitative level this distinction exists only for humans, i.e. animals taught to perform a certain task do not acquire something essentially different from their innate abilities. The teaching can be seen as “channeling” their abilities to measurable manifestations.   
Beginning: Clever Hans. The horse responded by tapping its hoof on the ground the correct number of times according to a number written on a chalkboard. Clever Hans actually detected minute changes in owners behavior that he made unwittingly when the horse reached the correct count with its hoof-tapping. The horse answered correctly only when its owner knew the answer, and when it could see its owner while it responded.

Now experiments use standardized procedures with the animals in training chambers in which stimuli are presented, and the animals’ responses are recorded with the help of computers.

I. Numerousity

Many animal taxa can discriminate stimuli differing in numerosity. Some have argued that animals have a natural ability to discriminate numerosity, others maintain that animals attend to numerosity as a “last resort,” that is, only if all other bases for discrimination are eliminated (for example, the shape, color, brightness, size, frequency, or duration of a stimulus). 

Two kinds of questions:

1. How animals judge the relative numbers of items that are presented simultaneously in visual arrays. Typical experiments: test animals’ ability to make numerosity judgments, they are presented with the task of deciding whether n items (e.g. 5) are more than m items (e.g. 3); 

2. How animals judge differences in the numbers of items/stimuli shown sequentially. Typical experiments: whether there is a greater number of sound pulses in a series of n (e.g. 8) versus m (e.g. 4) tones. In difference with simultaneous presentation which can deal only with objects, sequential one can involve objects or stimuli. 

	Example of the numerosity- examining task. Without having to enumerate each grain, it is still possible to say that there are more seeds in one patch than in another.
  



Here are descriptions of some experiments with pigeons. 

1. Many vs few

Emmerton, Lohmann and Niemann (1997) used a conditional discrimination procedure. First, a bird had to peck at a visual array that was shown on a center key. If the array contained "many" items (6 or 7) then the pigeon had to peck at one of the side keys (e.g. the right-hand red-lit one) to obtain a food reward. If instead the center array contained "few" no reward or timeout and so no feedback about correct or incorrect choices. The test choices were plotted as the percentage of choices made to the side key that denoted "many".
 items (1 or 2) then the correct response was to choose the other side key (e.g. the left-hand green-lit one). Incorrect choices led to a timeout period of waiting several seconds in the dark. A variety of these arrays containing 1, 2, 6 or 7 items were shown until the birds had learned to discriminate accurately between "many" and "few" items. Then they were tested not only with new versions of the "many" and "few" stimuli, but also with arrays consisting of the intermediate numbers 3, 4 and 5. These numbers were completely novel for them. Also, on test trials there was 
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Most of the "many" choices were made when the center test-array contained 6 or 7 elements, and the least choices when the array consisted of 1 or 2 items. In this respect the birds treated these novel arrays as they had the familiar training stimuli. When the intermediate numbers were shown, the birds’ choices were distributed in an orderly fashion. Compared to their responses with arrays of 6 or 7 items, they made slightly fewer choices of the "many" key when the test-array contained 5 items, fewer when it had 4 items in it, and fewer still when there were 3 items. This distribution of choices indicates that pigeons can serially order numerical quantities so that 7/6 > 5 > 4 > 3 > 2/1.


2. More precise abilities in numerocity judging.

	[image: image3.wmf]
Paired numerosities varied from 1 vs. 2 to 7 vs. 8 on intermixed test trials. L and R indicate the left or right pecking keys on which the arrays appeared.
	Pigeons were trained using standard techniques to discriminate between simultaneously presented arrays of white dots upon the dark background of two pecking keys. All the events in the training chamber (presenting the stimuli, recording the birds’ pecks, giving them a food reward, etc.) were controlled by a computer. The number and the size of dots in the arrays varied across training trials, but pecks at the array containing the greater number of dots always led to food reward whereas pecks to the less numerous array led to timeout (a short period of darkness). After they had reached a fairly stable level of choosing the greater numerosity on training trials, transfer trials with novel stimulus arrays were later added.


Neither food reward nor timeout  was given on the transfer trials. The results show that the pigeons could still discriminate arrays of 6 vs. 7 dots at an above chance level, but performance dropped to chance on test trials in which 7 vs. 8 dots were shown.
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Results of testing 8 pigeons with novel arrays. Dashed line: scores were significantly above chance (p = .05). (Emmerton & Delius, 1993).



3. The effect of changes in density was examined separately (Emmerton, 1998). 

	Array density: “near” spaced vs “far” spaced
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	Pigeons were trained to discriminate pairs of arrays that were shown simultaneously on two pecking keys. The birds’ task was to choose the array with fewer dots in it in order to obtain reward. Different combinations of small numbers of dots were used. Mostly, the birds were more accurate at choosing the smaller numerosity when the difference between the S+ (smaller-number array) and the S- (larger-number array) was greater rather than smaller.


For instance, the birds were better at discriminating 3 from 7 dots than they were 3 from 5 dots. But in addition to the relative difference in numerosity, the inter-dot spacing in the various arrays affected the accuracy of the pigeons’ discrimination. In some training sessions, the correct, S+ array consisted of only 1 dot, and the incorrect, S- array contained either 2 or 3 dots. Discrimination performance was better when the S- array had closely spaced dots than when they were far apart. When both arrays in a pair contained multiple dots there were four combinations of high density ("near" spacing) and low density ("far" spacing) for each numerosity pair. In different series of training sessions, the stimulus pairs consisted of 2 vs. 3 or 4 dots, 3 vs. 5 or 7, or else 5 vs. 6 or 7. (See figure above for examples of the stimuli.) In each case, the best discrimination scores on average were obtained when the small numerosity, S+ array had widely spaced dots and the larger numerosity, S- array had closely spaced dots. The poorest performance was obtained with the opposite density combinations, i.e. "near" spaced S+ array vs. "far" spaced S- array. These rankings of performance level are summarized in Table 1.  

	Table 1. Array density and discriminablity of numerosity

	Numerosity Combinations 

1/2 - 1/3 

2/3 - 2/4 

3/5 - 3/7 

5/6 - 5/7
	Performance rankings 

N-> F- 

F+N- > N+N- > F+F- > N+F- 

F+N- > F+F- > N+N- > N+F- 

F+N- > N+N- > F+F- > N+F-

	+ = smaller number; -  = larger number. F = "far" = low density; N = "near" = high density    


The explanation of these effects of stimulus density may be that the birds "scan" each array. They were always meant to choose the stimulus with fewer items in it. Suppose that a bird looked at the S- array with more dots in it, but these were spaced out. If it did not completely scan the whole pecking key, there was a greater probability that it missed one or more dots than if the dots were all close together. So with a low density S- there was a greater likelihood that a bird would falsely choose that stimulus, as if it actually contained fewer dots. The pigeon would be less likely to overlook an item if the dots were close together, so this type of ‘false alarm’ error was less likely to occur with a high density S- array. The basic suggestion here is that birds scan across multi-item stimuli, processing items one after the other. If this is the case, then the way they deal with "simultaneous" arrays is essentially to process the items in them sequentially. This would provide an important link to the other types of experiments that have been done to investigate birds’ ability to differentiate numbers of items. 

4. Sequential stimuli. 

Numerosity judgments have been tested with sequences of visual stimuli, rather than with spatial arrays. Koehler’s earlier work demonstrated that pigeons can learn to keep track of a given number of pea-seeds, presented to them one by one down a chute, there was no precise control over temporal parameters. Time factors were varied, both intentionally by rolling the peas down the chute at slightly irregular intervals, and unintentionally due to the birds’ occasional difficulty in grasping a moving pea. More recent experiments on pigeons have used sequences of light flashes as the stimuli. With these stimuli, the duration of a light flash as well as the timing of the intervals between successive flashes can be controlled with much greater precision. 

Here is a description of experiments from Alsop&Honig (1991). Flash a series (of up to 9 flashes) of colored lights onto a center key that pigeons had to peck. 

If there were more red than blue flashes in a series, peck the left key

Else if blue flashes were in the majority, peck the right key. 

Varied parameters: 1) the total number of light flashes in a sequence; 2) the duration of the dark-interval between flashes. Results: 

1. later flashes in a sequence had more influence on the birds’ choices

 red-blue-blue-blue-blue lights ( more correct reactions than blue-blue-blue-blue-red.

2. "recency" effect: the accuracy depended on the time that went between seeing a flash and having to peck (earlier flashes could be forgotten). 

3. The duration of each light flash had a slight effect on the accuracy (with longer flashes they perform slightly better). 

This experiment showed that, although birds can discriminate the relative numerosity of items in a sequence, temporal factors influence their memory for how many items they have seen.
Machado&Keen (2002). The stimuli occur in two blocks, with all R lights either preceding or following all the G lights the animal is rewarded for choosing the least-frequent stimulus. A key feature to notice is that during the sampling period the pigeon sees only one keylight at a time, but during the choice period it sees both keylights; to be rewarded it must choose the keylight that occurred the least during the sample. The first light appears nf times and the last nl times. At issue were (a) how the discrimination was related to two variables, the difference between lengths of sequences of the two lights, D = nf - nl, and the total number of lights in the sample, T = nf + nl; and (b) whether a simple mathematical model of the discrimination process could account for the data.

The model assumes only that the influence of a sample stimulus on choice increases linearly when the stimulus is presented, but decays exponentially when the stimulus is absent. Let SF and SL refer to the degree of influence exerted by the first and last stimuli of the sample, respectively. 
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After the sampling phase, the animal chooses the last stimulus of the sample with probability
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The form of this equation is motivated by the fact that because the experimenter rewards choices of the stimulus that occurred least frequently, the stimuli come to exert a negative influence on the corresponding choice response. By negative influence we mean that each occurrence of a stimulus reduces the animal’s propensity to choose that stimulus during the choice period or, equivalently, it increases the animal’s propensity to choose the other stimulus. The higher SF, the more likely the animal is to choose the last stimulus, and, conversely, the higher SL, the less likely the animal is to choose the last stimulus. (If the experimenter rewards the choice of the most-frequent stimulus, then the roles of SF and SL are simply reversed in the equation.) 

Role of parameter (: it may be conceived of as an interference parameter.

(<1: the first stimulus reduces the behavioral effects of the second;

(>1: the last stimulus reduces the behavioral effects of the first; 

(=1: there is no interference. 

To summarize, the further away ( is from 1 the greater the amount of interference between the two stimuli. 

To find the value of ( experiments with two series of equal length were conducted. Results: 

When nf+nl>8, the pigeons showed "recency" effects. A "recency" effect means that the last stimulus series more strongly influenced the birds’ choices, i.e. (>1.  

When nf+nl<8, the pigeons showed "primacy" effects. A "primacy" effect means that the first series of stimulus events had more effect on the animals’ decisions i.e. (<1.  

The dependent variable P(‘Last’) is related to proportion correct or P(‘Correct’) in the following way. When the first stimulus outnumbers the second (i.e. D>0), the latter is the correct choice. Hence, in this case P(‘Correct’) equals P(‘Last’). When the last stimulus outnumbers the first (i.e. D<0) the choice of the last stimulus is incorrect. In this case, P(‘Correct’) equals 1-P(‘Last’). When the two stimuli occur equally often, then P(‘Correct’) is undefined, but P(‘Last’) remains a well-defined measure; this fact explains why we opted for P(‘Last’) as a dependent variable.

Results:
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The three data sets represent the three different interblock intervals. The curves through the data points represent the average of the model’s best-fitting individual curves. (T=nf+nl=16)
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The symbols show the mean P(‘Last’) on the T(16 trials (nf=8 or nl=8) 




Had the pigeons based their discrimination solely on nl, then the ‘8-last’ curve would have been flat; similarly, had they based the discrimination solely on nf, then the ‘8-first’ curve would have been flat. Neither case occurred. We conclude that the birds did not base their choices on only one stimulus numerosity.
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