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Mathematics can be viewed from many different perspectives, what one can mean by “philosophy of mathematics” is very much dependent on one’s perspective. Seeing mathematics as trade or engineering could be seen as a philosophical approach which does not leave much place for further discussions about nature of mathematics of carpentry. On the other hand, if mathematics is related to theology it is very much a philosophical subject. Other perspectives could be seen as “in-betweens” of these two extremes. 

I. Looking through the records of library holdings of books on mathematical philosophy one conspicuous fact is that most of them are titled “The Philosophy of Mathematics”. This is in difference from the treatises on mathematical history which are typically titled “A History of Mathematics”. It seems that most authors and editors indeed believe that on the pages of the volumes they wrote or edited philosophy of mathematics is presented if not entirely then at least in its main features. It is even more remarkable taking into account the diversity of perspectives from which these different “the philosophies” are composed. 

Many mathematicians do not like philosophy of mathematics: "…mathematics will become less self-conscious, less introspectively critical, and more boldly creative. It will resign its soul to the metaphysicians for such tortures as they may choose to inflict, feeling nothing; for it will continue to serve with its living body the purposes of the men who create it to meet human needs rather than to be plaything of sterile philosophies." Bell, E.T.(1948) The Development of Mathematics, McGraw-Hill, New York., p.174)

Such views seem to be a part of the general trend of the contemporary thought: "the philosophical background of our times and present philosophical trends are notorious for an excessive regard for mathematics and science, and a correlate distaste for metaphysics, ethics and theology" (Maziarz, E.A. (1950) The Philosophy Of Mathematics, Philosophical Library, New York, p.1).

One way to unite philosophical and mathematical thought was suggested by Gödel. According to him philosophy analyses concepts and science uses concepts, thus these two kinds of activities are strongly interconnected in fundamental studies in both areas (Wang, H. (1987) Reflections on Kurt Gödel, The MIT Press, Cambridge, Mass, p.167)

In relation to the philosophy of mathematics an analysis of concepts, when left unchecked can easily result in playing with words. So on the one hand, mathematical experience poses various questions of meanings, which is essentially an impulse to philosophize, while, on the other hand, it always should be related to some reality otherwise it becomes sterile. 

The problem has been expressed by G.H.Hardy ( (1929) Mathematical Proof, Mind, 38 (n.149), 1-25, p.3): "One may divide philosophies into sympathetic and unsympathetic, those in which we should like to believe and those which we instinctively hate, and into tenable and untenable, those in which it is possible to believe and those in which it is not…. The problem is to find a philosophy which is both sympathetic and tenable; it is not reasonable to hope for any higher degree of assurance."

II. Traditional philosophy of mathematics. 

Different perspectives may be divided into three rough categories: 

1. Ontology: what is the nature of mathematical objects: in which sense mathematical objects exist?

2. Meaning: what is the meaning of various mathematical concepts (it depends on one’s ontological views but do not coincide with them):  since we think in terms of metaphors borrowed from the material world, meaning can be understood in terms of what are the relevant metaphors for mathematical objects and constructions?

3. Activity: what are permissible mathematical activities. Permissible activity can be defined by ontological beliefs or by association of meanings, but also can be considered on its own right.
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Description of various ontological approaches

Niiniluoto,I. (1992) Reality, Truth and Confirmation in Mathematics – Reflection on the quasi-empiricist programme, (in Echeverria, J., Ibarra, A. and Mormann, T. (eds.) The space of mathematics, Walter de Gruyter, Berlin), pp.60-79.

p.62. Traditional ontologies have accepted three kinds of entities: physical objects and processes (World
 1); mental or psychical states or events (World 2); abstract objects: universals, concepts, God, etc. (World 3).

Materialist (physicalist) believes that there is only World 1;

Subjective idealist similarly believes in World 2;

Objective idealist (Platonist) thinks that World 3 is the primary basis and source of all being. 

p.63. Philosophies of mathematics can be classified according to a simple scheme:

Platonist associate mathematics with World 3; intuitionist with World 2, physicalist with World 1, in particular formalists associate mathematics with play with material signs (e.g. numerals).
p.64. Popper thought that World 3 is man-made but transcends its makers and grown far beyond the grasp of humans. Niiniluoto position: “mathematics studies structures… which are constructed as World 3 entities by giving a finite description of rules of their formation These descriptions … are sufficient to guarantee that the statements of the relevant mathematical language have a determinate truth value… All this holds in spite of the fact that an infinite set… will never be actually realized in World 1 (e.g. by paper and pencil, or by a computer) or in World 2 (by thoughts or ideas in the human mind).

Since for a contemporary reader subjective idealism could sound strange I bring justification of this approach as it appears in Plato’s work. "For Plato an important, perhaps man's most important intellectual task was to distinguish appearance from reality… He noted that people habitually distinguish between a mere appearance and what is real without hesitation. Their judgments conform to more or less clear criteria. Thus we require of a real object that its existence should be more or less independent of our perceiving it and of the way in which we perceive it; that it should have a certain degree of permanence; that it should be capable of being described with a certain degree of precision; etc. All these requirements, in particular that of permanence, are susceptible of gradation and thus govern the use of the relative term 'more real than'. Plato is thus led to conceive of absolute reality and absolute real entities as ideal limits of their merely relative counterparts. The absolutely real entities - the Forms or Ideas - are conceived as being independent of perception, as being capable of absolutely precise definition and as being absolutely permanent, that is to say timeless or eternal." (Körner, 1960, The Philosophy Of Mathematics, Hutchison University Library, London, p. 14)
One’s ontological position influences one’s view on relative importance of various subjects: 

1. Mathematics is more important than physics (Platonic view) 

It stems from the belief that the permanent and so non-changing entities which are the subject of mathematics are more important than ever-changing objects of the material world. This view was shared even by some scientists who belong to Aristotelian environment, for example, Avicenna provided “Platonizing classification in which he lists physics as the lowest theoretical science and mathematics as an intermediate one (metaphysics being the highest).” (Pines S. (1974) Philosophy, Mathematics and Concepts of Space and Time in the Middle Ages, in Y.Elkana (ed.) The Interaction between Science and Philosophy, Humanities Press, Atlantic Highlands, N.J. ,pp75-90, p.79)  
2. Physics is more important than mathematics (Aristotelian view)

“The fact that the mathematical sciences were thought to deal in abstractions meant inter alia
 that medieval philosophers did not regard them as providing a correct model of the real world, such as was offered by natural sciences, i.e. Aristotelian physics. For this reason mathematics was in general considered as inferior to physics; it was useful introduction to the latter.” (Pines, 1974, p.79)

These two views are associated with two opposing theories of epistemology (theory of sources of knowledge) are rationalism and empiricism. 

1. Rationalism: “all genuine knowledge is the closure of a set of first principles whose necessity is grasped  by a purely  intellectual intuition owing nothing to the data of sensory perception.” 

2. Empiricism: “factual knowledge authenticated by experience and only by experience.” (p.192)

(Howson, 1992, Mathematics in philosophy (in Echeverria, J., Ibarra, A. and Mormann, T. (eds.) The space of mathematics, Walter de Gruyter, Berlin), pp.192-202.)
Rationalists, beginning from Plato see in mathematics the source of structures (ideas) that impose themselves on the external world or, as Kant suggested, provide the framework for perception.

For empiricists mathematics is a tool to formulate our experience.

Three schools in philosophy of mathematics in the first part of the 20th century

 (Max Black, The nature of mathematics, Littlefield, Adams & Co, Paterson New Jersey, 1959)
1. The logistic thesis: pure mathematics is a branch of logic. (Frege, Russell)

Empiricists like Russell explained the apparently a priory knowledge of mathematics by the doctrine of logicism reducing mathematics to logic. While logical principles have objective existence, independent of human mind.

Relation between logic and mathematics was established in 19 century. Logic was accepted as a part of mathematics and more specifically of algebra (Boole, De Morgan). However, on the other hand logic provides basis for all mathematics since it is a science of laws of thought. So Frege suggested instead of dealing with mathematized logic to deal with logicized mathematics.

2. The formalist thesis: pure mathematics is the science of the formal structure of symbols. (Hilbert)

Appearance of non-Euclidian geometry suggested that any set of consistent axioms can lead to a mathematical theory. This approach was advocated by Hilbert. Mathematical knowledge does not deal with absolute truths about special type of (Platonic) objects but with deductions. The criterion of truth is not adequacy of mathematical knowledge to reality but the lack of contradictions of deductions from a given set of axioms.

3. The intuitionist thesis: pure mathematics is founded on a basic intuition of the possibility of constructing an infinite series of numbers. (Brouwer)

"The intuitionist mathematician proposes to do mathematics as a natural function of his intellect, as a free, vital activity of thought. For him, mathematics is a production of the human mind. He uses language both natural and formalized, only for communicating thoughts, i.e., to get others or himself to follow his own mathematical ideas."(A.Heyting, From Brainerd, p.82)

Accordingly, a mathematician studies (Niiniluoto, 1992, p.60):

Logicism: logical tautologies without factual content.

Formalism: games of manipulating syntactical signs.

Intuitionism: mental constructions in his own mind.

III. The questionable nature of traditional philosophy of mathematics

Traditionally the ontological question has been most important for philosophers of mathematics: “As the point of departure for entering the philosophy of mathematics (meant as the field rather than specific approaches) one may ask: With what sort of reality mathematics deals?  Are existence statements to be understood in some fairly literal sense, or must be understood quite figuratively? (Barker, S.F(. 1964)  Philosophy Of Mathematics, Prentice-Hall, New Jersey, p.2). 

Concerning questions like these Barker notes that "practicing mathematicians… usually give but cursory attention to such problems about [mathematics] foundations". Then after noting that some may say that "these supposed 'problems' are confused pseudo-problems" which "do arise out of misunderstandings of  one sort or another"  he rejects this position because ""the problems here are serious intellectual matters, for the misunderstanding out of which they arise are important and persuasive ones, not silly ones easily rooted out." Barker concludes stating that "these problems deserve to be examined and unraveled, not just dismissed out of hand. The person who cuts the Gordian knot instead of unraveling it is pretty sure to be entangled by it himself before long."

What can one say about this tirade? It includes a lot of "hand-waving" even without the disguise usual in intellectual debates. It is just the matter of fact (mentioned by Barker) that many practicing mathematicians disregard these problems. May one claim that these mathematicians "are entangled"? It is correct that these questions are persuasive, but misunderstandings as well as common mistakes of various kinds do not receive better stature out of their prevalence. To give one example, concerning beliefs in magic power of numbers Maziarz (1950, p.4) writes: "though this attitude occurred frequently in history of thought, exerted much influence, and even exists today it can hardly be classified as rational." Maziarz relates these beliefs to "the vagaries of uncontrolled or excessive use of the imagination". Why cannot one explain out the perseverance of these pseudo(?)-problems by this or that kind of vagary that results in obsessive search for nothing? One can ask why this error arises more frequently than some other one. This could be seen as a psychological rather than philosophical question. Actually the nature of philosophical questions in the general context as well as kinds of answers philosophers offer compromises metaphysics in eyes of many.

To demonstrate the problem of dealing with meaning consider the following sample of questions which being reflected upon lead to the arousal of philosophico-mathematical problems (Körner, 1960,  p.10):

1) 1+1=2;

2) any (Euclidian) triangle which is equiangular is also equilateral;

3) if any object belongs to a class of objects, say a, and if a is included in another class of objects, say b, then the object belongs to b. 

4) one apple and one apple makes two apples;

5) if the angles of a triangular piece of paper are equal then its sides are also equal;

6) if this animal belongs to the class of cats and if this class is included in the class of vertebrates, then this animal belongs to the class of vertebrates.

Critics:

What is the meaning of "why" what kind of explanation is expected? The system of natural numbers is an attempt of humans to formalize this fact rather than the other way around. The result of the operation 1+1 is called 2 by definition and cannot be subject for explanation since there is no more elementary ground on which such explanation can be based. 

One can argue that this is an abstract operation and while rudimentary numerical abilities of babies and animals are more related to question 4. However, since it does not matter what kinds of objects are added one can see in question 1 a shorthand for "one object plus one object equals two objects".  Körner (p.54) rejects this explanation on the ground that ‘1+1=2’ is an a priori proposition, while its counterpart about apples is an empirical one. This distinction is important to Körner because he makes it the basis of his approach to the philosophy of mathematics. One may argue that if some approach leads its proponents to busy themselves with such questions it may signal more than anything else a counterproductive nature of the approach.

Important question: how to delimit the field of the philosophy of mathematics so that only proper “why” questions could be asked, is it possible to find some criteria for the pertinence in this sense?


IV. Justification of philosophy of mathematics

I derive my justification for tackling with philosophical questions from the following analogy. When an anthropologist comes to a primitive tribe and describes its behavior for a "civilized" audience there is a general assumption that he together with the hearers looks upon the tribesmen "from above". He supposed to understand the reasons these tribesmen are engaged in various strange rituals. It is different when small children discuss the behavior of grown-ups, which they admittedly do not understand. Suppose now that someone who never learned mathematics observes behavior of mathematicians. (This actually happens all the times beginning with a janitor who cleans classes all the way to the politicians who affirm research funds.) Are they more like small children as many mathematicians (similarly to the tribesmen) will think or more like anthropologists who observe some weird ritual which for traditional should be performed? Suppose for the sake of argument that there is only pure mathematics which is often practiced by individuals who are proud that it has no practical applications.   Is there some objective criterion that can distinguish between the high and the low in this context. This criterion should be applied to the tribesmen and to the mathematicians in the same degree. My answer is that there is such criterion and it is willingness to reflect upon the activity under consideration. Such reflection should be performed in a fashion that does not impair the performance (which is implied by Bell) but enrich it with new contents. Indeed excesses in refection often paralyze human behavior in a general context. 

So the philosophy of mathematics can be viewed as reflections upon mathematics.

It “begins when we ask for a general account of mathematics, a synoptic vision of the discipline that reveals its essential features and explains just how it is that the human beings are able to do mathematics. The difficulty is that it is hard to arrange the various features for mathematics into a coherent whole.”(Tymoczko, T. (ed): 1986,  New Directions In The Philosophy Of Mathematics, Birkhäuser, Boston, Introduction, p.xiii)

Topics relevant to the philosophy of mathematics:

1) innate numerical and logical  abilities of babies and animals.

2) models of innate counting mechanisms 
3) content  dependent counting abilities of illiterate Brazilian vendors 

4) The book “Where Mathematics Comes From”( Lakoff&Núñez, 2000) that argues that all our thinking, including most abstract, is bounded to our bodily experience and based on physical metaphors, is a contribution to mathematical philosophy.

These subjects are absent from the books and papers that include the expression “philosophy of mathematics” in their titles.
On the other hand, debates about the legitimacy of inclusion of actual infinity into realms of mathematics really essential to the philosophy of mathematics may be an historic accident that will be somehow settled (or just left as it is) and forgotten.
Another approach can deal with question: To find a common feature that permits to include a certain piece under the title “mathematics”

“What unites a scientific community need not be a set of beliefs. Shared beliefs are much less common than shared practices. This will tend to be the case in general, because shared beliefs require shared practices, but not vice versa. And this must be the case in cultural setting such as the Greek, where polemic is the rule, and consensus is the exception. Whatever is the object of belief, whatever is verbalisable, will become visible to the practitioners. What you believe, you will sooner or later discuss; and what you discuss,…you will sooner or later debate. But real undebated, and in a sense undebatable, aspect of any scientific enterprise is its non-verbal practices.”  (Netz, R. (1999) The Shaping Of Deduction In Greek Mathematics, Cambridge University Press, Cambridge, p.2.)
“The sort of mathematics that arises in a computing context is not necessarily what most people would consider to be mathematics at all.“ Truss describes computer-related mathematics in the following words: “Its character may seem like that of ‘mere’ organization, symbol management, or data manipulation.” (Truss, J. (1999)  Discrete Mathematics For Computer Scientists, 2nd Ed, Addison-Wesley, p.v.)

Suppose someone says: "This is a chair, but most people would not consider it to be a chair." What such a statement could possibly mean? A reasonable interpretation is that this piece was built to be sat on, but it is not obvious from its look. Such understanding comes from the dictionary definition of a chair. So what could be its counterpart for the entry “mathematics”?

“Mathematics is a linguistic activity, which is characterized by the association of words with precise meanings… If we limit ourselves to finite mathematics (around which proceeds mathematics education of specialists in computer-related professions) then computers can serve as the precision criterion: a precise formulation is one that can be translated for a computer. Concerning infinite structures and theories there is no such referee except the public opinion of colleagues.” (Khait, A. (2005) The Definition of Mathematics: Philosophical and Pedagogical Aspects, Science and Education, 14(2), 137-159)
Note the difference between the precision of procedures and the precision of meanings. The possibility of absolutely precise definition is based on an implicit assumption about our language as an adequate tool for such operation and our ability to comprehend such definitions. Other cultures that emphasized limitation of human mind described the Absolute as something undefinable at all.

One important new direction in philosophy of mathematics is the study of mathematical activity (as long as we deal with research mathematics), it is composed of three major intertwined parts (this fact has been stressed by Lakatos (Lakatos, I. (1976) Proofs and Refutations, Cambridge University Press, Cambridge): conjecturing, theorem proving and concept formation. Concerning mathematical activity, it is composed of three major intertwined parts (this fact has been stressed by Lakatos in his Proofs and Refutations): conjecturing, theorem proving and concept formation. “Mathematicians perform these activities simultaneously – while clarifying a concept they notice a property which looks like it may hold for all of some class of objects, and while trying to prove that this is so, they find that it pays to introduce conceptual distinctions between elements of this class.” (Corfield, D. (2003) Towards a Philosophy of Real Mathematics, Cambridge University Press, Cambridge, p.35.)
V. Anyone dealing with mathematics has some philosophy of mathematics

Any person has some philosophy which governs his behavior. This philosophy consists of some explicit and implicit beliefs and norms. The more a belief is hidden into one's subconscious, the deeper it is rooted. The latter implies: the more unlikely it is to be reflected upon. The same could be stated about group philosophy of some social or professional community (as noted by Netz, quote above). So talking about philosophy of mathematics one can mean the shared beliefs of mathematicians, which, in particular, may include a belief in meaningness of the problems which are normally subject of books with the title "The philosophy of mathematics".

The philosophy of mathematics versus the philosophy of mathematicians. 

One can argue that it is necessary to distinguish between the philosophy of mathematics and the philosophy of mathematicians. However, to state this one presupposes some objective existence of mathematics, which does not depend on the people who study and develop it. If we accept that in each generation the scope of mathematics is defined by its practitioners this distinction blurs.  Indeed if the mathematical objects are "supported" by the mathematicians who deal with them then the ontological question of existence of mathematics and our initial question of existence in mathematics are intertwined.

Theorem. The philosophy of mathematics exists

Proof. The rejection of the field of the philosophy of mathematics has been reduced to the question that belongs to the philosophy of mathematics. So the hypothesis of inexistence of the philosophy of mathematics in the usual sense led to a contradiction, thus, we conclude that it exists. QED. 

Remark. This proof is based on the belief in validity of proofs by contradiction, which is rejected by intuitionists.

VI. The philosophy of mathematics is a way to study mathematics by non-mathematical means (in contrast to Introduction to metamathematics by Kleene (Kleene, S.C. (1952) Introduction to metamathematics. North-Holland Publishing Co. Amsterdam (5th reprint, 1967). ) which studies mathematics using mathematical tools.

Philosophy in general arises on the basis of vagueness and multiplicity of meanings of “philosophical” words. This fact was noted by logical positivists who tried to reduce philosophy to the one-word-one-meaning status. This attempt led to essential drying up of a philosophical “lake” or “marsh” (pick one according to your preferences). 

Thus mathematics cannot be defined by its subject matter. However, the strive  for precision is problematic. An attempt to be too precise has devastating effect on common language: 

There is "the systematic misuse of language by philosophers and logicians. Common words are rudely deprived of the multiple and contradictory meanings that they enjoy in ordinary language; after the straitjacket of a fixed meaning for every word is imposed, the door is shut to realistic description." Rota (2001) What “Is” Mathematics?, Humanistic Mathematics Network Journal 24, 1-6 

http://www2.hmc.edu/www_common/hmnj/journal/24/PDF/Articles/24.pdf)
One may hypothesize that any living non-trivial philosophy has to have the feature of non-precise meaning associated with its key words. Then one can see in any serious attempt to develop a philosophy of mathematics, a study of precision with fuzzy means. The first reaction to this formulation could naturally be: “impossible endeavor!” This can explain reservations of many mathematicians towards philosophy. On the other hand, an incessant interplay of precision and fuzziness is the way we percept our world in all its phenomena (physical and spiritual, intellectual and emotional…) so this could be a very fruitful approach to explore mathematical experience. Many most influential philosophers of such as Hegel in the 19th century or Heidegger in the 20th century were famous for their notoriously vague language. On this basis critics attacked their theories as meaningless.

Another way to connect mathematics and metaphysics is to use metaphors from mathematics to describe philosophical ideas or apply philosophical ideas to develop a certain type of mathematics, which justifies metaphorically one's philosophy. 

As an example of the former approach consider "Being and Event" by Alain Badiou. He views the axiomatic set theory as the basis for description of all reality. Here is how he uses the notion of a transitive set and of an ordinal.

A set A is called transitive if  a(A ( a(A; a transitive set is called an ordinal if all its members are also transitive sets. E.g. {(,{(},{(,{(}} }, which is associated with 3 in the most common set-theoretic definition of natural numbers.

Badiou associates this property of ordinals with the most basic property of Nature: "everything that belongs to a natural situation can also be considered as a natural situation." (Meditation 12, p.133) 

Badiou associates this property of ordinals with the most basic property of Nature: "everything that belongs to a natural situation can also be considered as a natural situation." (Meditation 12, p.133) 

Than he brings the following argument (p.140): "If it is clear that a natural being is that which possesses, as its ontological schema of presentation, an ordinal, what the is Nature, that Nature which Galileo declares to be written in 'mathematical language'?... nature should be natural-being-in-totality; that is the multiple which is composed of all ordinals…" Then, using the fact that there is no largest ordinal (since then it belongs to itself which leads to the famous paradox), Badiou concludes that "Nature has no sayable being. There are only some natural beings." So we arrived to the inexistence of the Whole: "everything (which is natural) is (belongs) in everything, save that there is no everything." 

Differential calculus of Newton versus that of Leibniz is an example for using one's world view in developing mathematics.

Concerning God attributes “the Newtonian schema stressed God’s voluntary capacities, while the Leibnizian cosmology emphasized his intellectual attributes… Newton’s God was an active force in the cosmos, continually ordering, sustaining, and disposing. ” (Shapin, 1981, p.192) According to Leibniz Newton’s God sufficient foresight to make a perpetual motion and, for examples has to “wind up his watch from time to time.” (p.193).

“In Newton’s celestial physics the particular ‘clock’ requiring God’s volitional interposition and correction was the solar system. Irregularities in planetary motions that, if left to accumulate, would result in the destruction of the solar system’s natural order, needed, in Newton’s view, the Deity intercession to set them right… But in God’s mind all ‘disorder’ and apparent alteration of the frame of things were parts of the original perfect design.” (pp.194-5).

So if one wants to emphasize God’s wisdom God is expected to create the world in the best possible way and not to interfere in worldly affairs. On the other hand, then there is no expression of God’s free will. As Newton put it: “A perfect Being, without Dominion, would be only an object of contemplation and admiration, not of worship” (as Shapin, 1981, p.193 quotes one of the 18th century Newtonians).

“The conflicts in natural philosophy and metaphysics have to be referred to the concrete social and political interests of the groups using these sorts of culture as apologetic resources.” (p. 200) Thus transferring these arguments to worldly kings it follows from Newton’s view the need of absolute monarch who intervenes continually in the affairs of his kingdom, while Lebniz’s ideal king who organizes his kingdom at the beginning and then stay aside. So those who prefer absolute monarchy tend to be Newtonians while Leibnizians should be nearer constitutional monarchy.

Another aspect of this controversy is the role of time in mathematics: if the perfect design made everything from the beginning and there is no further unexpected changes then the role of time is as a coordinate and functions of time are given in their entirety. It is only our limited perception that makes an appearance of new things and events. On the other hand, God’s free will and incessant interventions in the world make variables genially depend on time. Thus one has time independent Lebnizian Calculus based on infinitely small quantities versus time-dependent Newtonian one which is constructed around changing fluents and their fluxions. 

Shapin, S. (1981) Of Gods and Kings: Natural Philosophy and Politics in the Leibniz-Clarke Disputes, Isis, 72(2), 187-215.

Mathematically valuable philosophy of mathematics is a philosophy that influences development of mathematics in some way.

Educationally valuable philosophy of mathematics is a philosophy that influences education in some way.

� Divisions into 3 worlds is according to Popper, (1972) Objective Knowledge.


� inter alia=among other things
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